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ABSTRACT 
The work of this thesis sets out to give a clearer in-depth understanding of the failure mechanics of 
thin-walled compression members which are associated with complex interactions between the 
different buckling modes during the loading process. This thesis employs the finite element method in 
order to examine the effect of the modelling techniques imposed at the section junctions of short struts 
and to investigate the influence of the local and global end conditions with regard to support and 
loading on the compressive response of various sections, i.e. I-sections, plain channel sections, box-
sections, and lipped channel sections. The thesis also details appropriate finite element modelling 
strategies and solution procedures taking due account of the influence of material nonlinearity and 
geometrical imperfections for the determination of the coupled mode interactive response of thin-
walled compression members. A detailed account of the complete loading history of the compression 
members from the beginning of loading through to final collapse is given in the thesis. This involves 
elastic local buckling, nonlinear elastic and elasto-plastic post-buckling interaction behaviour and 
yield propagation leading to the development of an appropriate failure mechanism which causes final 
collapse and unloading.  
A new finite element modelling strategy has been developed in the thesis with particular reference to 
being able to deal with the classical assumption of the stress-free in-plane boundary conditions 
existing at the section junctions of short length strut members during post-local buckling. Also, for 
fixed-ended columns, with particular reference to singly-symmetric plain channel sections, it has been 
shown that column deflections are initiated from the onset of local buckling for the case of the 
constituent plate elements of the section being locally rotationally constrained at their ends. Such 
columns should not therefore be considered as an overall bifurcation problem of the locally buckled 
member. 
In the case of the pinned and fixed-ended boundary conditions of the columns, the finite element 
simulations are shown to be able to accurately describe the rather different complex failure mechanics 
with a high degree of imperfection sensitivity being shown to be in evidence for the pin-ended case. 
Considerably good agreement has been shown to occur with the independent simulations of other 
researchers using the finite strip method of analysis, with the analytical solution procedures of others 
and with the findings from independent test work and this has provided confidence in the viability and 
usefulness of the modelling strategies and solution procedures developed in this thesis.  
Keywords: Thin-walled structures, finite element, post-buckling, coupled instabilities, buckling 
interaction, struts, columns, fixed-ends, pinned-ends 
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Chapter 1  
 
INTRODUCTION AND LITERATURE REVIEW 
 
1.1 GENERAL INTRODUCTION 
Thin-walled structures have been used in diverse engineering disciplines mainly in aerospace, 
automotive, civil and mechanical engineering. Struts, stiffened panels and columns, can all be 
categorized as thin-walled structures as long as the width-to-thickness ratios of the individual 
plate elements are big. These structural members are in various shapes of sections and can be 
considered as made of a blend of plate elements which are combined together by means of 
riveting and welding, or cold-formed in cold-rolling machines, brake pressing or brake 
bending operations to form the required structural shapes. It is well-known that when subject 
to axial compressive loading these structural members are at risk of weakening their axial-
stiffness properties and mostly in danger of failure because of buckling. For example, the 
locally-buckled structures of short members are usually deemed to have out-of-plane 
deflection appearances in their plate elements. Because of these deflections, the stresses 
which are normally uniform before buckling are redistributed heavily towards the corners and 
the plate structures turn out to be less effective in accepting additional loading after local 
buckling occurs, but will not collapse until the stress levels at the corners along the length 
exceed the yield criterion. This reserved strength is known as post-buckling strength. The 
subjects of buckling and post-buckling have been broadly investigated by researchers over 
the years and a number of design specifications pertaining to the design of thin-walled 
structural components have been published. Nowadays, a would-be engineer must be able to 
understand the concept of buckling in thin-walled structures as it forms the basic requirement 
of engineering knowledge. 
The behaviour of the compressive load carrying capability of plate structures is dependent on 
various aspects, these being the section geometries, material models, end support conditions, 
boundary conditions, and geometrical imperfections. Perhaps the most important among these 
factors is the slenderness ratios of the structures which are associated with the member 
length, the cross-sectional shape and the wide diversity of buckling modes. These buckling 
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modes may interact with each other to form coupled mode interactions, for example local 
buckling with distortional and/or flexural buckling as well as torsional buckling with flexural 
buckling. The interaction between the buckling modes might reduce the failure load of the 
thin-walled members even further compared to scenarios when only one buckling mode 
happens. In addition, the structures might also fail before material yielding takes place. This 
condition may happen in the zone of close to simultaneous mode behaviour. 
A number of solution methods can be used to obtain the equilibrium behaviour and failure 
mechanisms of a thin-walled compression member, for instance the analytical mathematical 
method, the finite element method and the finite strip method of analysis. In the analytical 
method of analysis, two governing nonlinear differential equations developed by von Kármán 
[1] can be used to find the post-buckling solutions of thin plates, but only in the case of the 
simplest loading and support conditions [2]. A rigorous approach developed by Marguerre [3] 
in which the approximate form of plate deflections are postulated and used in the von 
Kármán's compatibility equation to find the stress functions, as well as the use of the 
Principle of Minimum Potential Energy in place of the von Kármán‟s equilibrium equation to 
obtain the final solution have been used by many researchers [4-6]. The approach has also 
been used in developing the finite strip method to find approximate solutions of prismatic 
structures [7]. When the problems involve complicated geometries, boundary conditions, 
material models and loadings, solutions using the analytical method and the finite strip 
method are not frequently available. Hence the finite element method, which is a general 
numerical solution procedure able to deal with complex problems, is employed in this work. 
Although for the case of prismatic structures a refined finite element model (when compared 
with the finite strip model) involves a large number of degrees of freedom and hence a 
considerable amount of computational effort, the recent advent of computer technologies and 
very powerful computational processors have made the finite element method an insightful 
means of analysing complex structural problems. A typical example of prismatic structures 
modelled by finite elements is shown in Figure 1.1. The figure shows that the structures are 
divided into small predetermined elements which are joined at points called nodes. 
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Figure 1.1: Typical examples of structures modelled by finite elements 
Research and investigations in the past and also more recently have added much to our 
understanding of the behaviour of compressed thin-walled members. Yet, with the current 
development and achievement in numerical simulation tools, more refined methods and 
abundance of experimental data allow for new discoveries and improved understanding of the 
post-buckling capability and capacity of compressed thin-walled structures. As will be 
pointed out in the next section, the literature survey has shown that although a considerable 
amount of work has been published on the post-buckling behaviour of plate structures, 
however, there is still a gap in the literature and thus a more detail account of the behaviour 
of thin-walled compression members will be provided in this study in which some of the 
results obtained have never been reported. The task of this thesis is to develop appropriate 
finite element modelling strategies and solution procedures for more accurate, reliable and 
efficient post-buckling analysis of thin-walled compressive structures, and to compare the 
numerical results with previous theory, independent simulations and experiments wherever 
possible. 
 
1.2 LITERATURE REVIEW 
The theory of column flexural buckling under axial load was first initiated by Leonhard Euler 
in 1744 [8]. The theory states that: 
 at axial loads prior to the critical load a column is in a stable state whereby it will move 
back to its original undeflected shape following the removal of any small applied lateral 
force. 
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 at the critical axial load, it is in a neutral equilibrium condition whereby its deflected 
shape stays following the removal of any small applied lateral force. 
 but at axial  loads beyond the critical load the column is in a state of unstable equilibrium 
in which case the column will deflect dynamically to the neutral equilibrium state after 
the introduction of a small applied lateral force.  
The assumption is based on the ideal column, in which the column is perfectly straight 
without any imperfections and free from residual stresses. Also, the material is homogeneous. 
A number of papers reviewing the work done in this area and the recent developments 
concerning the buckling of plate structures have been published. Macdonald et al. [9] 
describe the development of the design codes with regard to the various types of buckling 
occurring in cold-formed columns and beams. The authors suggest the need to integrate 
specifications with computer packages as the complexities in designing cold-formed steel 
members and structures have increased due to the interaction of different buckling modes and 
the wide variety of connecting methods used to form steel members. Hancock et al. [10] 
describe the numerical work completed in predicting the behaviour of thin-walled structural 
members due to local, distortional and overall buckling at the University of Sydney since 
1976. The research used two variations of the finite strip method (i.e. semi-analytical and 
spline finite strip) to study the different buckling modes, and the interaction between them, on 
thin-walled members and the theoretical approaches have been successfully compared with 
the corresponding experiments. Hancock & Rasmussen [11] describe the experimental work 
performed since 1990 for beam-column structures. Rhodes [12, 13] describes some of the 
early work done on plates and plate structures and provided a good flow of history within the 
area of buckling, post-buckling and elasto-plastic analysis. Hence, a brief review on some of 
the buckling analysis carried out on thin flat plate is given in the papers. Rhodes [14] 
provides a detailed account of research projects carried out at the University of Strathclyde. 
The research has been concentrated on channel columns with fixed ends, the influence of 
impact damage on strut compressive performance and the behaviour of elastic rings due to 
point loads. The author suggests that in the case of mono-symmetric sections of locally 
buckled columns, local buckling might have moved the effective neutral axis from its original 
position at different locations along its length and might have induced a directionality effect 
which could cause more or less resistance to flexural buckling. Consequently, for the case of 
the fixed-ended column, the flexural stiffness and the degree of post-buckling could be varied 
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along the column as a result of variations in the position of the loading line. Young [15] has 
summarised the research work in the area with particular reference to the case of fixed-ended 
cold-formed steel columns. The research works have covered a number of experimental tests 
and numerical investigations on open section members which are prone to coupled mode 
interaction during loading. 
Large numbers of studies have been carried out into the performance of thin flat plates in 
compression. Most of the studies have been performed with the aim of understanding the 
behaviour of thin plates with different kind of boundary conditions, end support conditions 
and loadings. It is recommended that in order to gain further perceptions of the behaviour of 
the thin-walled compression structures in the post-buckling region, the concept of buckling in 
thin plates must be fully understood. Some of the early development in thin flat plates has 
been performed with the intention of developing mathematical formulations that can predict 
the strength and represent the true behaviour of the plates under certain applied loads and 
boundary conditions throughout the loading process. In the earliest days, perhaps, the main 
contributor in this area of research was von Kármán [1] who developed two nonlinear 
differential equations which are able to describe the behaviour of large deflections of thin flat 
plates in the post-buckling range. These equations are, sometimes, called the “Compatibility 
Equation” and the “Equilibrium Equation”. As in practical situations, thin flat plates usually 
have inherent imperfections and these have been taken into account by Marguerre [3] in his 
modified nonlinear differential equations based on von Kármán‟s equations. von Kármán et 
al. [16] have also developed the first effective width expression which states that effective 
width, be, can be used to predict the strength of a plate with actual width, b. This effective 
width concept has been used, developed and modified over the years to provide for new 
findings discovered from tests of various aspects pertaining to plate buckling [17-20].  
The behaviour of uniformly and linearly varying compressed plates subjected to various 
support conditions at the unloaded edges has been examined by Rhodes & Harvey [5, 21] 
using the same method of analysis developed by Marguerre [3]. The unloaded edges were 
such that the extent of rotational constraint on both edges was equal or unequal, and 
consideration was also given to the unloaded edges which were rotationally constrained on 
one edge and free on the other. The loaded edges were simply supported in all cases. These 
works have been extended by Rhodes et al. [22] to take into account the effect of 
imperfection. It is worth pointing out that in this work the theoretical collapse load was 
assumed to take place when the maximum membrane stress reached the yield stress. Kang & 
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Leissa [23] have developed an exact solution procedure for plates with simply-supported, 
linearly varying loaded edges. From the findings, a plate with uniform loaded edges has the 
lowest buckling load which implies that the uniformly loaded plate is more critical than the 
other types of loading profiles. Bakker et al. [24] have developed formulae which could 
describe the behaviour of plates loaded longitudinally as well as transversely. Four different 
loading conditions were considered: sinusoidally distributed load, uniformly distributed load, 
patch load and concentrated load. The formulae could accurately be used for sinusoidally 
distributed loads but provided less accurate results for uniformly distributed loads. Steen et 
al. [25] has developed mathematical formulations for studying the behaviour of plates 
compressed on all four sided edges. The behaviour of isotropic rectangular plates with 
varying thicknesses along the edges and compressed on all four sides were examined by 
Eisenberger & Alexandrov [26] through the development of appropriate mathematical 
formulations. Detailed developments of the finite strip method to study the behaviour of the 
compressive post-local buckling of thin plates have been made by Ovesy et al. [27, 28] using 
the semi-energy approach [27] and the full-energy approach [28]. Through comparison of the 
results determined, it is observed that close agreement is obtained between the semi-energy 
finite strip approach and the full-energy finite strip method. Gierlinski & Graves Smith [29] 
describe a general version of finite strip method for analysing geometrical nonlinear states of 
prismatic thin-walled structures under arbitrary loading. Examples are given in the paper with 
particular reference to the behaviour of square plates and a shallow cylindrical roof. There are 
also other researchers, Tan et al. [30] and Azhari et al. [31], who developed mathematical 
equations on elastic buckling [30] and post-buckling [31] of triangular thin plates. 
A number of investigators have expanded the research work of thin flat plates to the thin-
walled plate structures. These structures, I-section columns, channel section columns, box 
section columns and numerous other geometrical shapes, can be considered as an 
arrangement of thin flat plates. Theoretical analysis was developed by Graves Smith [4] to 
predict the compression strengths of locally buckled box-section columns in the elasto-plastic 
range of behaviour. The analysis which employed the simplified elastic-perfectly plastic 
constitutive material model in conjunction with von Mises failure criterion examined the 
influence of material nonlinearity in the compression analysis of short columns free from 
bending. The equilibrium response of the struts was determined in the course of loading by 
the energy minimisation method which employed the total elasto-plastic strain energy at each 
increment of applied axial strain. The outcomes from this work showed a considerable 
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reduction in load carrying capacity of the section due to the presence of plasticity. Attention 
has also been given to developing theories on thin-walled box columns and beams. For the 
case of the thin-walled box section beam, a theoretical approach has been developed by 
Graves Smith [32] to determine the buckling stresses using the criterion in stationary 
potential energy. The plate elements of the box section were treated as integrally connected to 
each other and the work has investigated the behaviour of various geometries and lengths. 
Graves Smith [33] has also made a study on the separate effects of geometrical imperfections 
and residual stresses as well as combination of imperfections on the strength performance of 
thin-walled box columns. The findings showed that residual stresses and local imperfection in 
the form of initial buckle shape can lower the strength of the columns, especially when the 
critical stress is close to the yield stress. A different effect was shown for imperfection in the 
form of cylindrical shapes in which the buckling stress and strength could be increased. The 
research on the behaviour of the box beam in the post-buckled region has also been examined 
by Graves Smith [34]. 
The behaviour of plain channel section struts under compression and bending in the elastic 
range was investigated using the semi-energy method of analysis by Rhodes & Harvey [35]. 
The effects of controlled compression eccentricity and controlled load eccentricity in strut 
behaviour were shown in this work. Uniformly compressed struts were shown to have more 
stiffness after local buckling than centroidally loaded struts as a result of loss in uniformity of 
compression for the case of centroidal loading and the resulting changes in compression 
eccentricity. The initial buckled form was assumed constant through the loading process after 
buckling and this may result in an overly stiff compression system. 
Rhodes [12] discussed the influence of rotational restraint at the supports or section junctions 
of thin-walled sections. In thin-walled cross-sections with unequal thickness, some elements 
will initiate buckling while other elements will restrain the buckling elements. But in the case 
of square box-sections with constant thickness, at the point of buckling all plate elements 
buckle at the same time and thus the condition at the unloaded edges of a plate element of the 
box-section can be assumed as simply supported. Rhodes & Harvey [5] describe a detailed 
theoretical development pertaining to a system of plate in uniform compression with arbitrary 
rotationally restrained on both unloaded edges or rotationally restrained on one edge and free 
on the other. It was found that for the case of unequal restrained on the unloaded edges the 
stress systems on the plate and the deflections are non-symmetry. 
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Graves Smith & Sridharan [36] describe a finite strip method for analysing instability 
associated with prismatic plate structures subjected to arbitrary load arrangements. The 
approach included coupled buckling mode interaction but has been limited to primary 
equilibrium paths. It has been extended to cover the secondary paths (i.e. post-locally-
buckled) by Graves Smith & Sridharan [37] and the application of the theory was evaluated. 
It has been shown that the described method of analysis is applicable for prismatic structures 
whose corners do not move considerably, and not for those where the corners have three or 
more non-coplanar plates. Both works showed a considerable amount of computing savings 
when compared with finite element methods. Graves Smith et al. [38] developed a method of 
analysis that could be used to analyse a structure which is not generally prismatic. The 
structure has been formulated to consist of finite strips and finite elements and the method 
was restricted to linear analysis. The geometric nonlinear compressive behaviour of short 
struts using different versions of the finite strip method of analysis has also been studied by 
Ovesy et al. [39-42]. These works cover channel [39], box [40] and I-sections [41, 42] and 
give accurate representations of the effects of local buckling on the post-buckling 
compressional stiffness of the sections in the elastic range of behaviour. The elastic post-
buckling stiffness of box-section struts has been considered by Ghannadpour & Ovesy [43] 
using an exact finite strip approach that permits the determination of the exact behaviour at 
the point of buckling, and also the behaviour in the initial stages of post-buckling. In the full 
energy method, the deflected state of a plate is postulated using the out-of-plane and in-plane 
displacements. The approach used, however, does not allow for geometric local form change 
with load and thus the post-buckled stiffness, in this case, remains constant after local 
buckling, leading to less accurate stiffness predictions beyond the initial stages of local 
buckling. These works are the extension of the work done on thin flat plates [27, 28] and both 
methods of analysis show a very close comparison for the sections considered. All of the 
work performed by Ovesy is in the region of elasticity.  
Previous analytical studies [4] and numerical simulation procedures using the finite strip 
method of analysis [35, 37, 39-43], where the in-plane and out-of-plane deflections at the 
section junctions have been assumed to be uncoupled, imply that compatibility and 
equilibrium conditions cannot be maintained and that the plate components meeting at the 
junctions are free to wave in their own plane across their width along the junctions whilst the 
out-of-plane deflection of each of the plates vanishes. The incompatibility along the junctions 
means that the in-plane conditions at the junctions in the width direction of each plate are 
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stress-free. These assumptions have been utilised by a great many researchers in the past as 
an aide to simplifying their analysis and solution procedures when dealing with the post-local 
buckling behaviour of thin-walled sections. However, many studies have been done based on 
these assumptions; little information is available on the extent of this approach using finite 
element analysis. The approach, which will be shown later in this thesis, is a fairly valid 
approximation to actual behaviour up to about twice the critical local buckling load of the 
section wherein the movements at the section junctions are negligibly small.  
The existence of plasticity in materials has encouraged a number of researchers to extend the 
studies of elastic buckling of thin plates into the plastic range. The incorporation of plasticity 
into the buckling analysis has been called elasto-plastic buckling. Normally, the easiest 
method to determine failure in elasto-plastic buckling analysis is that where the failure occurs 
when the first membrane at some point in the plate yields. Many researchers, Graves Smith 
[4] and Mayers & Budiansky [44], make use of von Mises failure criterion in order to 
determine the onset of plasticity, and failure occurs when the flow of plasticity has reached 
the middle surface of the plate. Gradzki & Kowal-Michalska [45] employed the Rayleigh-
Ritz method and von Mises yield criterion to study the elasto-plastic post-buckling behaviour 
of rectangular plates involving plasticity. In the work the plates were clamped at the unloaded 
edges and uniformly compressed longitudinally, whereas the plates studied by Mayers & 
Budiansky [44] were simply-supported plates. Gradzki & Kowal-Michalska [46] have also 
extended their research on clamped plates by including the effects of strain hardening and 
initial imperfections on the ultimate load of the plates. In their work, the geometrical 
nonlinearity and residual stresses were considered as the initial imperfections in the plates. 
El-sawy et al. [47] have used the finite element method with linear elastic-perfectly plastic 
material and no strain hardening to obtain the elasto-plastic buckling solution of square and 
rectangular plates. The plates which had circular cut-outs were loaded with uniform end 
compression and all the edges were restrained from moving out-of-plane. In order to 
determine whether elastic or elasto-plastic buckling has occurred, the stress value of the 
plates was monitored. If at some point in the plates the stress equals the yield stress before 
buckling happens, then the critical stress obtained is categorized as the elasto-plastic buckling 
type. They have produced several design charts and recommendations based on the 
slenderness of the plates which would be useful in designing plates with circular holes. 
Uenoya & Redwood [48] have also studied the same type of plates but the plates were loaded 
with uniform shear load at all the edges. They employed von Mises yield criterion with no 
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strain hardening to determine the onset of the plasticity. In the work of Bakker et al. [49], 
however, instead of using von Mises failure criterion, two main types of failure were 
proposed: edge failure and centre failure for uniformly loaded simply supported thin plates 
with unloaded edges free to wave in plane.  
An abundance of experimental test results has been reported concerned with the behaviour of 
steel compression structures. Chou & Rhodes [50] have reviewed and tabulated some of the 
results of published papers pertaining to the experimental work carried out on plates, beams 
and columns. The compilation of information given in the paper is useful to facilitate future 
work in other unexplored areas, to further evaluate and develop the current design guidelines 
and to validate the development of mathematical equations of buckling and post-buckling 
solutions. Loughlan [51] has carried out a number of compression tests on I-section struts and 
columns with the intention of improving the available design codes. The work has 
highlighted the effects and importance of local form change during loading in his analytical 
analysis, and that for the I-section columns with pin-ended support conditions, the interaction 
between local and overall buckling was anticipated and resulted in lowering the ultimate 
strength of the sections.  
In the University of Sydney, a series of experimental tests [52-60] were conducted to study 
the behaviour of thin-walled compression members subjected to buckling and coupled mode 
interactions in the post-buckling range. Some of the sections considered [52-56] were made 
from high strength G550 steel whose properties show little or no strain hardening fraction in 
the stress-strain material data. Yang & Hancock [52] describe a series of compression tests on 
cold-formed stub columns of various cross-section geometries and that the intention of the 
tests was to observe the influence of low strain hardening of G550 steel. The stockier sections 
were observed to be significantly more affected by the presence of low strain hardening in the 
material properties than those of the more slender sections. Yang et al. [53] describe a series 
of pin-ended compression tests on cold-formed high strength steel long columns of lipped-
box sections and that the intention of the tests was to evaluate the AS/NZS 4600 and AISI 
standards with regard to the influence of low strain hardening of G550 steel on the 
compression capacity of the sections. The results from the tests showed that both standards 
were non-conservative for the sections whose local buckling loads were significantly less 
than the ultimate loads. Yang & Hancock [54] describe a series of compression tests on 
lipped channel section columns with intermediate web and flange stiffeners subjected to 
fixed-ended boundary condition and distortional buckling as well as interaction between local 
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and distortional modes of buckling. The use of the fixed-ended boundary condition is 
justified for the reason that it will not add additional moment at the ends of the columns as a 
result of neutral axis shift after local buckling, which happens for singly symmetric cross-
section members. The determination of the width of intermediate stiffeners and the length of 
the columns was carefully determined using the semi-analytical and spline finite strip method 
of analysis in order to optimize the tests. They reported that for the case of compressed stub 
columns failure was closely associated with local buckling, and that distortional buckling 
only occurred at the condition near the ultimate condition of the local buckling. Significant 
interaction was observed displaying failures of long sections with some sections failing by 
both flanges opening out, and some by both flanges moving inwards in the distortional mode. 
It is of note that the strengths of columns whose flanges open out are lower than those whose 
flanges move inwards. The test results were compared by Yang & Hancock [55] with the 
available design methods, and as a result new design methods were proposed to account for 
the reduced ultimate strength due to the interaction between local and distorsional buckling of 
long columns. Compression tests were carried out by Yap & Hancock [56] on stiffened-cross 
shaped sections in various lengths to study the behaviour of coupled mode interaction 
between local, distortional and torsional-flexural modes of buckling. The results from the 
tests showed significant effects on the strengths of the sections as a result of coupled mode 
interaction. 
Two series of experimental programmes were carried out by Becque & Rasmussen [57, 58] 
to study the behaviour of lipped channel section [57] and I-section [58] columns subjected to 
pin-ended compression system with expected local and overall interaction during loading. 
The I-section columns with varying lengths were built by attaching back-to-back channel 
sections by sheet metal screws made from austenitic 304 and ferritic 404 stainless steel 
alloys. Both experimental programmes were performed to produce the latest test data 
pertaining to the interaction buckling of stainless steel lipped channel and back-to-back 
channel sections. Lecce & Rasmussen [59, 60] carried out two series of experimental tests on 
simple lipped channels and lipped channels with intermediate stiffeners which were subjected 
to uniform end compression with fixed-ended boundary conditions. The test program was 
carried out to examine the behaviour of distorsional buckling of those sections and to provide 
the test data for further development and evaluation of the current design rules. From the 
deformation results, it can be seen that some sections were opening out and others were 
moving in and the plastic mechanisms across the sections were not always at the centre of the 
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stub columns. The experimental programmes [52-60] in the University of Sydney were 
carried out with the intention of developing reliable finite element models which 
subsequently could be used to carry out parametric studies. The results from such 
programmes have been used to evaluate the current design codes and to propose new design 
methods based on empirical data. 
Yang & Hancock [61] describe the numerical modelling procedures performed to simulate 
the behaviour of test columns of Young & Hancock [52] and Young et al. [53], and they [62] 
have also performed simulations of the test columns of Young & Hancock [54]. Both 
research works [61, 62] employed the commercial finite element package ABAQUS with the 
aim of predicting the strengths of the sections. The conditions at the ends of the columns 
were such that at each end a rigid body element was defined and connected to nodes at the 
end cross-section of the column. One end was forced to move and the other was fixed. The 
material model used in the finite element analysis was obtained from the stress-strain curves 
of tensile tests. In general, the ultimate load comparisons were good apart from those sections 
whose elastic local buckling stress was close to or greater than the material yield stress. 
Becque & Rasmussen [63, 64] describe numerical examination performed to compare the 
results from the simulations with those of the tested columns of Becque & Rasmussen [57, 
58]. Several factors which would affect the outcomes have been considered: nonlinear stress-
strain behaviour, anisotropy, and enhanced corner properties of the sections, imperfections 
and load eccentricities. Rigid body elements were used in connection with the contact 
modelling technique to model the boundary conditions at the ends of the columns. More 
detailed comparisons were given with reference to the strength, axial deformations, lateral 
deformations at mid-height, end rotations and local displacements at specific locations on the 
columns. In general, the results from the numerical analyses compared well with those of the 
tests. The modelling techniques and solution procedures were then used to evaluate the 
current design codes and perform parametric studies on other sections with varying 
characteristic parameters. It is interesting to point out that analysis using contact simulation is 
fairly difficult for the reason that the whole process of modelling will involve more than one 
component to be modelled and that more steps in the loading process must be included in the 
solution procedures to minimize convergence difficulties. Zhang et al. [65] explained the 
experimental program conducted along with the finite element simulation performed on cold-
formed channels with inclined simple edge stiffeners compressed between pinned-ends. The 
pinned-end conditions were modelled using CERIG command in ANSYS to create rigid 
13 
 
regions representing the knife-edge plates which were used as the pinned-end support in the 
tests. Good comparison was found between the tests and the finite element analysis with 
regard to the ultimate failure load, load-axial shortening and load-deflection responses and 
the final collapse mode. The finite element method has also been employed by Ellaobody & 
Young [66] and Ellaobody [67] using the ABAQUS program to determine the structural 
performance of fixed-ended cold-formed high strength stainless steel columns having square 
and rectangular hollow sections [66] and stiffened and unstiffened slender square and 
rectangular hollow section columns [67]. In this work the verified nonlinear finite element 
model was then used to carry out parametric studies on varying cross-sectional geometries. 
The behaviour of column with regard to buckling and post-buckling interaction has been a 
key subject of interest and has been investigated by many researchers over the years. In fact, 
various studies have concluded that the effects of interaction between buckling modes have 
severely influenced the behaviour of compressive load carrying capability and the ultimate 
compressive carrying capacity of thin-walled cold-formed sections. Loughlan [68] has made 
an analytical investigation on the effects of overall imperfection precluding torsional effects 
in the behaviour and ultimate carrying capacity of thin-walled lipped channel columns. As 
expected, the interaction between local and overall buckling has reduced the peak load of 
perfect columns. The interaction of local buckling with overall column bending has been 
examined by Loughlan [51, 68-70] using a semi-energy post-local buckling analysis 
procedure for the case of plain channel, lipped channel and I-sections. In the semi-energy 
method, the deflected form is postulated using only the out-of-plane displacements. The 
works showed that for the case of sections designed near simultaneous local and overall 
modes of buckling there is a great deal of loss in load carrying capability due to geometrical 
imperfections and of local form change during loading.  
An analytical method of analysis has been described and verified by Davids & Hancock [71] 
to determine the elastic nonlinear response of locally buckled thin-walled beam-columns with 
particular reference to the I-section columns whose slenderness ratios are close to the Euler 
curve. This work was part of the research carried out by Davids [72]. Certain assumptions 
which are based on the behaviour of a segment which equals the half-wavelength of the local 
buckles have been applied in the theory. In the analysis, the single segment is loaded with a 
set of combination of axial strain and minor axis curvature and the local buckle shape 
remains constant throughout the loading history. The theoretical approach compared well 
with the test results with regards to the strengths of columns in the elastic region and the post-
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ultimate collapse response. Rasmussen & Hancock [73] employed the same theoretical 
approach but extended it to include the influence of material plasticity. This work was part of 
the research carried out by Rasmussen [74] and the thin-walled channel section columns were 
studied, and the results were compared to those of the tested columns of Rasmussen & 
Hancock [75]. In general, the theoretical prediction with reference to the strength of columns 
was conservative. Both theoretical works assumed that the condition at the ends of the 
column was such that it was compressed between pin-ended support conditions and that the 
analyses precluded the flexural-torsional behaviour of thin-walled columns. Rasmussen & 
Hancock [76] continued the theoretical research but this time the thin-walled channel sections 
were compressed between fixed-ended support conditions. The overall behaviour of locally 
buckled thin-walled compression members was considered with particular emphasis on the 
differences between fixed-ended and pin-ended end boundary conditions of singly-symmetric 
cross-sections. The major conclusion in this work was that at the point of local buckling the 
buckling deformations did not induce bending for the case of fixed-ended singly-symmetric 
columns. Based on the conclusions of Rasmussen & Hancock [76], Rasmussen & Hancock 
[77] have conducted an evaluation of the design codes current at that time and have proposed 
a simple design procedure. Appropriate variational equations were developed by Rasmussen 
[78] to study the general cases of overall bifurcation of locally buckled thin-walled members 
with particular reference to doubly symmetric columns, and the work has been extended by 
Young & Rasmussen [79] to singly-symmetric cross-sections with particular reference to the 
plain channel members that locally buckle in the fundamental state. The sections being 
considered were assumed to have simply supported conditions at the ends of their constituent 
plate elements and the initial buckling shape of the columns was only in the form of local 
mode. Young & Rasmussen [79] discussed the behaviour of plain channel members under 
fixed-ended and pin-ended conditions and showed that for the case of fixed-ended sections 
the columns exhibited overall bifurcation behaviour while pin-ended columns did not. These 
works concluded that with respect to plain channel sections the overall behaviour of fixed-
ended members can be treated as one of bifurcation of the locally buckled member. The work 
in the determination of overall bifurcation states of locally buckled members has also been 
extended to the flexural-torsional buckling mode with particular reference to I-section 
columns [80-83]. A series of experimental test programs have been conducted in order to 
experimentally investigate the theoretical findings [76, 79].  The tests were performed by 
Young & Rasmussen [84, 85] on cold-formed plain channel columns [84] and cold-formed 
lipped channel columns [85] subjected to pin-ended and fixed-ended end boundary 
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conditions. Detailed cross-section geometries, section imperfections, material properties and 
residual stresses were measured and these can be used in the numerical finite element 
analysis. The results of the test strength were compared with three different codes of design, 
and for the case of fixed-ended columns the design code predictions were generally 
conservative and for the case of pin-ended columns the design code predictions were in good 
agreement with the tests. These papers [84, 85] report that the tests are in support of the 
findings concluded in the theoretical studies [76, 79], however, there is no result furnished in 
the reports pertaining to the overall deflections of the tested columns. Numerical 
investigations have also been conducted by Young & Yan [86, 87] to simulate the behaviour 
of the previously tested columns [84, 85] and the results were presented with regard to the 
strengths of fixed-ended plain channel columns [86] and fixed-ended lipped channel columns 
[87]. No particular results concerning the load-deflection behaviour of the columns have been 
shown in the papers. Young & Rasmussen [88] have carried out an experimental study in the 
determination of the shift of the effective centroid of plain channel and lipped channel section 
and the work showed that the current design codes are able to predict the effective centroid 
movement in plain channel sections but not the lipped channel sections, and thus 
modification to the method has been proposed for the case of lipped channel sections.  
Rhodes & Harvey [89] highlighted that in the case of the pin-ended support condition with 
concentrically loaded columns the overall column bending starts from the onset of local 
buckling. Rhodes [90] discussed the post-buckling behaviour and interaction of different 
modes in thin-walled compression members. The comments in the paper on the behaviour of 
singly symmetric fixed-ended members - in which the end conditions can cause combined 
bending and compression after local buckling to some extent with regard to the particular 
case of plain channel columns - are verified by the experimental load-deflection curves of 
Young & Rasmussen [91]. However, little work has been done so far on the influence of end 
conditions on the behaviour of plain channel section columns and thus this thesis gives 
confirmation to the views of Rhodes [90] with regard to the interactive response of fixed-
ended and pin-ended columns. 
The compressive failure mechanics of thin-walled sections is complex and there are a great 
many factors which influence the process of events leading to ultimate conditions. Material 
yielding is likely to be the cause of failure for thin-walled short length sections while longer 
length sections are more prone to intermediate or global buckling effects such as distortional 
buckling or the overall modes of torsional, flexural or torsional-flexural buckling depending 
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on the end conditions of the columns. Obviously, these types of structural members are 
potential candidates for involvement in buckling mode interactions and coupled instabilities 
whereby local-distortional buckling can occur or, indeed, the interaction between local 
buckling and overall flexural behaviour may be of influence. Many different aspects have 
come under consideration and these have included a considerable volume of work pertaining 
to the coupled mode interactive elasto-plastic response of thin-walled columns leading to 
final collapse. 
Lau & Hancock [92] derived explicit analytical expressions to predict the distortional 
buckling stress of thin-walled channel section columns. A non-linear elastic spline finite strip 
method of analysis has been developed by Kwon & Hancock [93] and this work considered 
the post-buckling response of thin-walled channel sections when undergoing local and 
distortional deformations. Schafer [94] discussed the need for new design procedures which 
take into consideration the interaction behaviour among modes of buckling that could occur 
in thin-walled lipped channel columns. There was no explicit check for distortional buckling 
and the interaction between modes of buckling in North American design specifications for 
cold-formed steel columns, and thus a new
 
method for design was proposed that clearly 
integrated the local, distortional
 
and Euler buckling aspects of thin-walled columns. Design 
methods were described in great detail in the AISI research report [95] taking into account 
the interaction behaviour of cold-formed steel columns. Schafer [96] has also reviewed the 
applicability of the Direct Strength Method (DSM) which is an alternative method to the 
traditional Effective Width Method (EWM). Limitations pertaining to the EWM were 
described, these being disregarding the variation in stress through the thickness and along the 
length of the plate and ignoring the interaction between plate elements at the section 
junctions. The history of the development of the DSM for columns and beams was given. The 
reliability of the method was shown to be equal or better than the EWM, and with reference 
to plate element interaction the strength prediction using EWM was unconservative as web 
slenderness increased. The development of DSM is still being developed to include other 
aspects of design. 
The work pertaining to the local-distortional mode interaction behaviour of cold-formed steel 
lipped channel columns has also been examined by Dinis et al. [97], which employed the 
ABAQUS finite element code and reported a clear evolution of the elastic-plastic column 
deformations during loading. The work has been extended by Camotim & Dinis [98] to 
examine the coupled instabilities with distortional buckling, taking due account of the 
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influence of geometrical imperfections on the elastic post-buckling interaction of the lipped 
channel sections. Various interaction modes of buckling have been considered, these being 
local/distortional, distortional/global and local/distortional/global mode interaction. 
Experimental tests were conducted by Rossi et al. [99] to study the behaviour of cold-formed 
steel sections having a combination of distortional and overall flexural-torsional modes of 
buckling. The tests were conducted such that the press-braked stainless steel lipped channel 
columns were fixed-ended and uniformly compressed and that the test specimens chosen 
would first initiate distortional buckling followed by overall flexural-torsional buckling. 
Based on the findings, a new direct strength method was proposed by Rossi et al. [100] taking 
into account the two modes of buckling and their interactions. 
Dinis & Camotim [101] employed ABAQUS finite element code to investigate the behaviour 
of cold-formed steel lipped channel columns taking due account of the influence of 
distortional/flexural-torsional buckling mode interaction in elastic and elasto-plastic post-
buckling range of behaviour. The importance of geometric imperfections and material 
yielding has been emphasized for columns designed near the simultaneous critical stresses of 
the individual modes. The effects of geometrical imperfections in simultaneous buckling 
designs is well known in reducing the failure load, with further decrease experienced when 
the material yield stress is close to the critical buckling stress. 
Adetoro [102] has performed a series of experimental tests that covered some 20 steel lipped 
channel section columns of varying cross sectional dimensions and column lengths. The 
columns were tested in accordance with the fixed-ended boundary condition, and the 
observed failure mechanisms were symmetrically disposed about the line of geometric 
symmetry of the section through the section web. In general, these were located away from 
the column mid-height. At the time of the work the failure mechanisms associated with the 
tests were not fully understood and the research knowledge base on post-buckled mode 
interaction response was not as sophisticated as it is at the present time. Our knowledge and 
understanding of the buckling and post-buckling mechanics of thin-walled column members 
has evolved over the years and today it is at a fairly sophisticated level. However, no work 
has been done so far on identifying the cause of these failure mechanisms and thus some 
explanation will be given in this thesis. 
A number of research works have been devoted to finding a general solution procedure 
pertaining to the numerical computational modelling. Various factors involved in developing 
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an accurate representation of the true behaviour of the structural members have been given 
attention. Abdel-Rahman & Sivakumaran [103] conducted a series of experimental tests to 
develop a suitable representation of the material characteristics in an analytical model of 
cold-formed steel structural members. As a result an idealized stress-strain model has been 
proposed which comprises: a linear segment up to a proportional limit, followed by a bilinear 
yielding between the proportional limit and the yield strength, and then a linear segment of 
strain hardening. A simple set of guidelines have been proposed by Schafer & Pekoz [104] 
relating to geometric imperfections and residual stresses. Gardner & Nethercot [105] 
developed an approach which covered material stress-strain behaviour, enhanced strength 
corner properties, initial geometric imperfection modes and amplitudes and residual stresses, 
and determined that this would be used as a consistent means to model stainless steel 
structures. Ashraf et al. [106] proposed a method to predict the enhanced strength of the 
corner regions of cold-formed stainless steel sections for different cold-forming processes. 
Schafer et al. [107] and Ashraf et al. [108] described some important aspects in numerical 
modelling through carefully designed parametric studies with reference to the sensitivity of 
the model inputs and the strengths and restrictions of the simulation tools. 
 
1.3 AIMS AND OBJECTIVES AND THESIS OUTLINE 
The main purpose of the research was to develop appropriate finite element modelling 
strategies and solution procedures for the determination of the buckling, post-buckling and 
failure characteristics of thin-walled compression members.  
The work was to include the influence of geometrical imperfections and material non-
linearity and would examine the complex interactions between different buckling modes in 
the post-buckling range of behaviour. 
Chapter 1 gives a brief introduction to structures stability and the finite element method in 
general. The need for the development of appropriate post-buckling finite element modelling 
strategies and solution procedures is highlighted. A literature survey on the post-buckling 
analysis of plate structure members is carried out and the aims, objectives and thesis outline 
are described. 
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Chapter 2 introduces some of the basic concepts on which the nonlinear finite element 
method is founded. This includes the introduction of the basic process in the finite element 
method, the introduction of nonlinear static analysis, the description of geometric 
nonlinearity and material nonlinearity and the explanation of the numerical solution 
procedures within nonlinear finite element analysis. 
The finite element modelling strategies and solution procedures for post-local buckling 
analysis of short struts are developed in Chapter 3. The effects of section junction boundary 
conditions and the influence of local buckling, geometric imperfections and material 
plasticity are described in detail. The results are compared with those available from 
published work, wherever possible, in order to demonstrate the validity and capability of the 
developed finite element strategies for conducting the post-local buckling problems of plate 
structures. 
In Chapter 4, the finite element modelling strategies and solution procedures for post-
buckling analysis of long plate structural members are developed in connection with fixed-
ended boundary conditions. The effects of local end conditions, buckled mode shape at the 
central column section, loading conditions, geometric imperfections and material yielding are 
given due consideration and examined in great detail. The modelling strategies are compared 
with those available from the published work, wherever possible, in order to demonstrate the 
validity and capability of the developed finite element strategies in conducting the post-
local/flexural buckling problems of plate structures. 
In Chapter 5, the finite element modelling strategies and solution procedures for post-
buckling analysis of long plate structural members are developed in connection with pin-
ended boundary conditions. The effects of local end conditions, buckled shape at central 
column section, loading conditions, geometric imperfections and material yielding are given 
due consideration and discussed in detail. The modelling strategies are compared with those 
available from the published work, wherever possible, in order to demonstrate the validity 
and capability of the developed finite element strategies in conducting the post-local/flexural 
buckling problems of plate structures. 
Chapter 6 demonstrates the modelling strategies for the tested lipped channel section columns 
conducted by previous researchers and explains the failure mechanisms observed in the test. 
The finite element model is then performed to study the behaviour of the lipped channel 
columns in different buckling mode interactions. 
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Chapter 7 presents some general conclusions and a projection of future work that could be 
done in this field. 
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Chapter 2  
 
THEORETICAL CONSIDERATIONS IN NONLINEAR 
FINITE ELEMENT ANALYSIS 
 
2.1. INTRODUCTION 
The fundamental knowledge of the basic finite element method is covered in section 2.2 of 
this chapter. The subsequent chapters then proceed with the advanced topics, incorporating 
the approaches made to the development of the finite element models and their applications 
of the rather complex post-buckling issues. 
In this chapter and throughout the remainder of the thesis, the nonlinear analysis is used and a 
concise understanding of the theory behind it is summarised in section 2.3 which also covers 
the geometrical and material nonlinearity. In section 2.4, the iterative procedures are briefly 
explained. 
 
2.2. FINITE ELEMENT PROCESS 
Most of the theories presented in this chapter are taken from Ref. 8, and Ref. 109-111. For a 
more in depth examination of the theories, the reader should refer to other textbooks and 
research literatures. 
The finite element method is one of the most broadly used numerical methods for solving 
many engineering problems. Its main purposes are to predict the behaviour of the structure 
under consideration, to understand the failure mechanisms and to estimate the strength of the 
structure.  
With recent developments in specific computational tools that perform particular tasks within 
the general-purpose finite element programs, the versatility of the finite element method for 
solving engineering problems with complicated geometries, material behaviour, loadings and 
constraints has greatly improved. 
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In the finite element process, the actual structure is simplified and discretized into a 
collection of finite elements, then joined together at points called nodes, and turned into a 
mathematical model. All the ingredients representing the real structure such as loads, 
constraints and material properties are contained in the finite element model. The entire 
process of turning the real structure into the finite element model is done by using a pre-
processor program (i.e. PATRAN, ABAQUS, ANSYS, etc.) which creates the input files for 
the processor program (i.e. MSC/NASTRAN, ABAQUS, ANSYS, etc.) [109]. 
In structural static analysis, the structures are considered motionless under certain types of 
loadings. In order for the structures not to move as a whole there must be some responses 
from the structures internally to react against the applied loadings, and the sum amount of 
internal loads should be equal to the sum of external loads. The process of finding the 
equilibrium between the applied and internal loads is the main objective of static analysis, 
expressed as; 
                  (2.1) 
where {P} and {R} are the external and internal load vectors, respectively. The ability of a 
structure to withstand the applied loads depends on the geometrical details and the behaviour 
of its material. If the type of analysis is regarded as linear static analysis, the internal loads 
can be expressed as; 
                      (2.2) 
where {u} represents the displacement vectors and [k] is the inherent property in the material 
to resist deflections and is termed the stiffness of the material. When the structure is in 
equilibrium and the stiffness property is known, the movement of the structure can be 
determined as follows: 
             (2.3) 
The jobs of the processor programs are: to devise the element stiffness matrices [k] by using 
information from the geometry, material properties and element properties; to assemble all 
element stiffness matrices [k] into an overall stiffness matrix [K] representing the total 
stiffness of the structure; and to find out the displacements {u} by solving the matrix 
equation. In linear static analysis, the stiffness of the structure does not change and the 
decomposition of the stiffness matrix is done once. In order to solve the matrix equation, the 
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mathematical model needs to be constrained and the information of the applied loads is 
utilized. Having obtained the displacements, the strains, stresses and the reaction forces can 
be calculated [109]. 
To check and visualize a particular result, the post-processor program (i.e. PATRAN, 
ABAQUS, ANSYS, etc.) is used. The main purposes of the post-processor program are to 
check the suitability and the correctness of the model, to understand the behaviour of the 
structure under certain loadings, to determine the failure mechanisms of the structure and to 
find out the ultimate load the structure can sustain [109]. 
 
2.3. NONLINEAR STATIC ANALYSIS 
The limitations inherent to linear static analysis should be understood before the theory of 
nonlinear static analysis is applied. 
In linear static analysis, a linear relationship between the applied loads and the response of 
the structure is assumed. In other words, the applied loads do not strain the material further 
than its proportional limit and the stress can be said to be not only linear but also directly 
proportional to the strain. With these assumptions, the state of the structure will not stay 
deformed after the applied loads are removed and will return to its original unloaded state. 
The material is also assumed to be homogeneous and isotropic and the unloaded structure is 
free from geometrical imperfections and residual stresses [8].  
The loads in linear static analysis are assumed to be slowly applied. This means that the 
applied loads do not produce a significant amount of dynamic behaviour that will cause 
deflection to be greater than the last static equilibrium position. The deflections of the 
structure are assumed to follow the small displacement theory. This states that the lateral 
plate deflections are considerably smaller than the thickness of the plate, and follows the 
small strain theory which states that changes in the cross sectional area of the structure can be 
neglected [8]. 
In practice, the search for efficient, cost-effective and lightweight structures, leads to the 
possibility of designing structures that can withstand loads beyond proportionality, while 
allowing the material to deform according to the true stress-strain properties. Moreover, the 
production of structures (e.g. struts, columns, beams, etc.) usually involves some measure of 
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inaccuracies and flaws hence the design of these structures must take into account these 
imperfections in order to establish accurate results. The imperfections may come from the 
eccentricity of the applied loads, the initial curvature of the structures and nonhomogeneity of 
the materials [8]. Therefore, it becomes essential to consider the nonlinear effects in these 
structures involving geometric nonlinearity, material nonlinearity, and nonlinear boundary 
conditions. 
In nonlinear static analysis, the application of loads is still assumed to be slowly applied. 
However, instead of applying a single load, the total load is divided into smaller loads. 
Nevertheless, the main objective remains which is to find the equilibrium between the 
externally applied loads and the internal loads. The basic equation to be solved in nonlinear 
static analysis corresponding to load level t + Δt where the solution at load level t is known 
can be expressed as [110]: 
                                  (2.4) 
To visualize this approach, consider the load-displacement curve for a single degree-of-
freedom as shown in Figure 2.1.  
 
Figure 2.1: Nonlinear static load-displacement curve 
For equilibrium, the external load should be equal to the internal load, whereby: 
                  (2.5) 
with 
25 
 
              (2.6) 
where [kt] is a function of the displacement and is termed the tangent stiffness matrix 
corresponding to the load level t, and Δu is the incremental displacement vector. From Figure 
2.1, using eqs. (2.5) and (2.6) the internal load vector can be determined as follows: 
                      
                      
 
(2.7) 
Having obtained the internal load vector R1, it is then compared with the external load vector, 
P1, using eq. (2.4) to determine whether it is within the prescribed error. Substituting from eq. 
(2.4) into eq. (2.5), the incremental solution of eq. (2.4) that governs the response in 
nonlinear static analysis can be expressed as: 
                      (2.8) 
These divisions of loads are necessary to facilitate the prediction of the structure‟s response 
due to the changes of stiffness in every load increment. The solution, however, could have a 
tendency to large errors, particularly if the increment load level is large and the problem 
being solved is highly nonlinear. To mend these errors, the load divisions must be kept small 
enough, and the iterative technique is needed to maintain control on the accuracy of the 
solution. The most commonly used iteration scheme for the solution of nonlinear static 
analysis is the Newton-Raphson iteration [112-114] which will be described in section 2.4. 
As a result, each load increment is individually treated along with the stiffness matrix which 
is iteratively updated (if using full Newton-Raphson method), assembled and decomposed 
over and over again based on the current position of the structure.  
 
2.3.1. GEOMETRIC NONLINEARITY 
Geometric nonlinearity is regarded as one of the sources of nonlinearity. This type of 
nonlinearity must be considered in the analysis if the structure undergoes large deformation 
and if it violates the assumptions in small deflection theory. The effects of this type of 
nonlinearity are loss of structural stiffness and change in structural behaviour. It can originate 
from the nonalignment of the application of loads with the line of the centroid of the 
structure‟s cross section, and/or from the initial curvature of the structures. 
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Generally, there are two types of geometric nonlinearity, large deformation with small strain 
and large deformation with large strain. In large deformation with small strain problems, the 
contribution from the stress-strain relationship can be neglected but the kinematic 
relationship must be taken into account. The later type of geometric nonlinearity must take 
into consideration both relationships involving nonlinear material which will be discussed in 
the next section. 
The distinction between the small deflection behaviour and the large deflection behaviour is 
the inclusion of the membrane strain components in the equations of total strain for large 
deflection cases. The effect of the membrane strain components on the deflection behaviour 
is either to increase the transverse stiffness (reducing the deflections of the plate) in the case 
of tension or to increase the deflections of the plate in the case of compression. In small 
deflection problems the membrane strain components can be neglected. The membrane 
strains can be expressed as [8], 
  
  
  
  
 
 
 
 
  
  
 
 
 
 
  
         
  
  
  
  
 
 
 
 
  
  
 
 
 
 
  
         
   
  
  
  
 
  
  
 
  
  
  
  
 
 
  
    
 
 
 
 
(2.9) 
where 
Nx, Ny, Nxy = membrane forces per unit length 
G = shear modulus 
and the bending strains: 
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(2.10) 
The total strains for large deflection: 
  
        
    
  
  
        
    
  
   
         
      
  
 
 
(2.11) 
In thin plate problems involving large deflections, there are two general equations describing 
the plate behaviour [8], 
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These two nonlinear differential equations were derived by Th. von Kármán. The former 
equation is called von Kármán‟s equilibrium equation and the later is von Kármán‟s 
compatibility equation. To derive the von Kármán‟s equilibrium equation, the lateral force 
components of the membrane forces acting in the deflected middle plane of the plate element 
are added to the lateral load q.dx.dy of equation:  
    
   
 
    
   
  
     
    
    
(2.14) 
The Airy‟s stress functions together with the bending and twisting moments (i.e. Mx, My, and 
Mxy) as in the expressions below are substituted into the final equation to obtain the von 
Kármán‟s equilibrium equation. 
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(2.16) 
where 
Mx, My = bending moments per unit length 
Mxy = twisting moment per unit length 
The equilibrium eq. (2.12) is derived by considering the laterally loaded plate element 
deflected by a small amount. The von Kármán‟s compatibility equation is derived by taking 
the second derivatives of the membrane strain eqs. (2.9), (2.10), and (2.11), adding the 
resulting expressions and introducing the Airy‟s stress functions into the strain components. 
These two nonlinear differential equations must be solved in order to investigate the 
behaviour of plates having large deflections [8]. 
The stress function ø and the displacement function w can be found by applying boundary 
conditions and solving eqs. (2.12) and (2.13). Having the function ø and the function w, the 
membrane, bending and shearing stresses can be found by using the eqs. (2.15) and (2.16) 
[8]. 
Nonetheless, the exact solutions from the von Kármán‟s equations are only possible for a 
very limited number of simple plate problems, for example the case of a rectangular plate 
with simply supported edges [8]. To obtain exact solutions the deflected shape has to be 
known. Otherwise, approximate solutions are employed if the deflected shape has to be 
presumed satisfying the boundary conditions and giving the expected deflection pattern 
[115]. In Kang & Leissa [23], a number of rectangular plates have been investigated with two 
opposite edges simply supported and the other two edges clamped, simply supported or free. 
Only one compressive membrane force (i.e. Nx, Ny = Nxy= 0) has been applied at the two 
simply supported edges resulting in eq. (2.12) being simplified. The exact displacement 
function w has been derived by using the power series of Frobenious method.  
Approximate solution using the energy methods (i.e. principle of virtual displacement, 
principle of stationary potential energy, etc.) is extensively used in most of the analytical 
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analysis to obtain the solutions of more complicated cases. In this type of solution, the 
approximate deflected shape is assumed in the form of a series having a number of terms 
containing several coefficients and this approach is called the Rayleigh-Ritz method. The 
displacement function w can be represented in the form of a series: 
                                            (2.17) 
Here the functions θ1, θ2, . . ., θn are functions of the position within the plate and a1, a2, . . ., 
an are the unknown coefficients [8]. In Gradzki & Kowal-Michalska [45], the Airy‟s stress 
function has been obtained from the compatibility eq. (2.13), taking into account the 
boundary conditions imposed by the two unloaded opposite clamped edges and loaded 
opposite simply supported edges. The displacement function w was approximated and the 
other displacement functions (i.e. u and v) have been obtained by using equation (membrane 
strain) and equation (Airy‟s). The strains at any point in the elastic range can then be 
calculated.  
Generally, a great number of approximate analytical solutions employ the von Kármán‟s 
nonlinear differential equations together with the principle of the stationary value of the total 
potential energy to examine the behaviour of large deflections in plates with different 
combinations of loadings and boundary conditions [24-26, 45, 48]. After having found the 
stress function ø and the displacement function w, the total potential energy for a plate in its 
deflected equilibrium state is the sum of its strain energy and the potential energy of the 
applied external forces and can be determined as: 
        Ω (2.18) 
where Um is the membrane strain energy: 
   
 
 
                        
   
  
       
    
    
         
 
 
        
       
   
 
  
   
   
   
 
   
   
 
 
        
   
   
   
   
  
   
    
 
 
       
(2.19a) 
 
(2.19b) 
(2.19c) 
Eqs. (2.19a), (2.19b) and (2.19c) are identical but with different expressions. Ub is the 
bending strain energy: 
31 
 
   
 
 
    
   
   
 
   
   
 
 
        
   
   
   
   
  
   
    
 
 
       
 
(2.20) 
and Ω is the potential energy of the external load. 
The principle of the stationary value of the total potential energy states that the total potential 
energy of a system is a minimum if it is in stable equilibrium [8]. The coefficients a1, a2, . . ., 
an in the displacement function can be determined by applying the principle as follows: 
  
   
   
  
   
     
  
   
 
(2.21) 
These equations are nonlinear and can be solved numerically. This approach is not only used 
to find the coefficients which make the total potential energy a minimum but also can be used 
with respect to other parameters. In Bakker et al. [24], the principle of stationary potential 
energy has been used to find variations in displacement umax and wmax so as to make the total 
potential energy a minimum. In Riks [114], the partial differentiation has been performed 
with respect to the nodal displacement variables. 
Generally, in the finite element analysis, the conventional formulations in relation to large 
deflections are based on the principles of continuum mechanics. Basically, the structure is in 
motion under the applied loads. In nonlinear static problems the structure is prevented from 
moving as a whole but the particles within the structure can move, hence straining the 
structure internally. To consider the large deflection motion in the finite element analysis, the 
equilibrium positions of the elements (i.e. particles) in the model (i.e. structure) are evaluated 
at discrete load points. There are two popular kinematic formulations used to describe the 
motion of the elements, namely total Lagrangian formulation (T.L.), and updated Lagrangian 
formulation (U.L.). In the T.L. formulation, the variables are referred to the initial 
configuration for all the load steps. However, the T.L. approach is more suitable for the 
elastic materials as the constitutive relations are referred to the initial configuration where, in 
cases involving plasticity, the strains within the plastic region are determined using the 
current state of stress in conjunction with the previous stress history. In the U.L. formulation 
the coordinate axes of the most recent converged configuration is considered as the new 
reference coordinate axes (i.e. new initial configuration) [111]. 
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From the principle of virtual displacements, the basic equilibrium equation to be solved 
consistent with the T.L. formulation can be expressed as: 
   
    
    
         
  
    
    
   
       
 
(2.22) 
and for the updated Lagrangian formulation as: 
   
    
    
         
  
    
    
   
       
 
(2.23) 
where 
Sij = 2
nd
 Piola-Kirchhoff stress tensor 
Eij = Green-Lagrange strain tensor 
Pi = external loads 
ui = virtual displacements 
and the left superscripts refer to the current configuration of the element and the left subscript 
refers to the referential coordinate axes, with 0, t, and t + Δt denoting the configuration at 
time 0 (i.e. initial configuration), configuration at time t, and configuration at time t + Δt, 
respectively. In nonlinear static analysis, the time 0, t, and 1 + Δt, may be regarded as the 
initial, t-th incremental and (1 + Δt)th incremental load step, where Δt is an increment in load 
step. These eqs. (2.22 or 2.23) can be linearized and rearranged to find the tangential stiffness 
and subsequently used to find the solution at (1 + Δt)th load step where it is assumed that the 
solution for the initial (i.e. t = 0) and t-th load step have been obtained. The process of 
obtaining a solution for the next load step is typical and sometimes would require iterations 
within the load step until it attains the prescribed convergence parameters. The procedure is 
repetitively carried out until the complete load history course has been acquired [111]. 
MSC/NASTRAN bases its formulation for large deflection on a method of displaced element 
coordinate system and can be construed as an approximate updated Lagrangian approach. It is 
of note that the theories presented are generally taken from Ref. 111. Using this approach, the 
elements undergo rigid body motion as well as deflections but only the deflections contribute 
to the strain energy. To compute the element forces, the net displacements are first 
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determined and it can be basically seen as superimposing the original element on top of the 
deformed element as shown in Figure 2.2. The element forces can simply be computed by: 
    
          
  (2.24) 
where the superscript e denotes an elemental operation and the subscript d denotes the vectors 
in the displaced element coordinate system. 
 
Figure 2.2: Determination of net displacements 
There are three coordinate systems involved, namely basic coordinate system, original 
element coordinate system and displaced element coordinate system denoted by subscripts b, 
o and d, respectively as shown in Figure 2.3.  
 
Figure 2.3: Basic coordinates, original coordinates and displaced coordinates 
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The original and displaced element coordinate systems are established by bisecting the 
diagonals and are referred to the basic coordinate system as follows: 
 
 
 
 
 
 
       
 
 
 
 
 
  
  
  
  
 
 
 
 
(2.25) 
and 
 
 
 
 
 
 
       
 
 
 
 
 
  
  
  
  
 
 
 
 
(2.26) 
where <x
o
, y
o
, z
o
>b
T
  and <x
d
, y
d
, z
d
>b
T
  are the position vectors of the original element 
coordinate system and displaced element coordinate system with respect to the basic 
coordinate system respectively, and [Tbo] and [Tbd] are the associated transformation 
matrices. Figure 2.3 also shows the quadrilateral element in its original position before 
displaced to the deformed position. As the element moves and deforms the element 
coordinate system is restructured to the current/deformed configuration. This restructuring is 
done continuously during the iteration. The net displacements are then calculated in the 
displaced element coordinate system by subtracting the original nodal coordinates in the 
original element coordinate system from the displaced nodal coordinates in the displaced 
element coordinate system, i.e.: 
  
 
 
 
 
 
  
 
 
 
 
 
  
 
 
 
 
 
 
 
(2.27) 
For global operations, the element forces are calculated using the net displacements, ud and 
should be transformed into the global coordinate system denoted by a subscript g, i.e.: 
          
       
      (2.28) 
for linear material or, 
         
      
         
for nonlinear material, 
 
(2.29) 
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Here B
T
 is the element matrix, ζ represents stresses, Tbd and Tbg are transformation matrices 
from displaced to basic and from global to basic coordinate systems, respectively. 
Consequently, the structure tangent stiffness matrix can be obtained by transforming the 
element stiffness matrices into the global coordinate system from the displaced coordinate 
system and assembling all transformed element stiffness matrices. To calculate strains and 
stresses, the updated nodal displacement, ud is used for every iteration. 
MSC/NASTRAN deals with large rotations (i.e. finite rotations) using either gimbal angle 
approach or rotation vector approach. The default method in MSC/NASTRAN is the gimbal 
angle approach. In the gimbal angle approach, the rotations at a node are subjected to three 
amounts of successive rotations (i.e. θx, θy, θz) about the three global axes (i.e. x-axis, y-axis, 
z-axis).  These angles of rotations are called gimbal angles. From these gimbal angles, the 
rotation matrix, {α}, can be determined as follows [111]: 
  
     
                          
                          
           
  
 
 
(2.30) 
Here ci = cos θi and si = sin θi for i = x,y,z and θi are the three gimbal angles. 
In each iteration, the gimbal angles are updated, then the rotation of rigid body is removed 
from the rotation matrix in order to obtain the rotation matrix corresponding to angular 
deformations, and in the end the angular deformation is determined. The element forces can 
then be calculated using these angular deformations [111].  
In the rotation vector approach, the three angles of rotation (i.e. ψx, ψy, ψz,) at a node are 
construed as components of a rotation vector (ψ). In order to calculate the angular 
deformations, the rotation vector is updated in each iteration, and then the rotation of rigid 
body is separated from the rotation matrix similarly to the gimbal approach. The rotation 
vector approach is appropriate if the angular deformations are expected to be large [111]. 
 
2.3.2. MATERIAL NONLINEARITY 
Material nonlinearity is the other source of nonlinearity that must be considered in the 
nonlinear static analysis if the stress-strain relationship is nonlinear. The nonlinearity may 
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originate from nonlinear elastic material behaviour or elasto-plastic stress-strain curves. The 
nonlinear elastic analysis in which the unloading returns back by following the loading stress-
strain curve will not be discussed in this thesis for the reasons that the material models at 
issue will be having linear elastic region, and the structures will be strained into their plastic 
region. The material is assumed to be isotropic, initially stress free, governed by von Mises 
yield criterion and having a symmetrical stress-strain curve in tension and compression. 
Moreover, the material models will preclude the coupling between thermal and mechanical 
behaviour, the strain-rate effects and anisotropic effects.  
Generally, the inelastic stress-strain relationship cannot be written off as a single set of 
equations. MSC/NASTRAN uses the flow or incremental theory to describe its plasticity 
models. The theory states that the increment of plastic strains within the plastic region can be 
determined by the current state of stress in conjunction with the previous stress-strain history. 
In order to describe the elastic-plastic material behaviour, von Mises yield condition has been 
chosen for ductile materials. This states that the effective stress must equal the uniaxial yield 
stress for yield to occur. Associated with the von Mises yield criterion, there exists a yield 
surface which defines the boundary of elasticity where on the inside of the yield surface, 
deformation is elastic, and when the stress reaches the yield surface, deformation is 
considered plastic [116-117]. During the inelastic deformation, the yield surface has to be 
modified based on the chosen hardening rule as a material must have stress states within or 
on its yield surface but not outside its yield surface. The hardening rule describes the stress 
state for subsequent yielding. The isotropic hardening rule which assumes that the yield 
surface expands uniformly in size about the centre of the yield surface has been chosen to 
represent the material behaviour during plastic flow when the loading is continually 
increasing. But if the unloading occurs, the material is better represented by the kinematic 
hardening model or the combined hardening model to allow for Bauschinger effect. 
To establish the relationship between incremental stresses and strains, another property is 
needed in addition to the yield criterion and the hardening rule and that is the flow rule. The 
incremental plastic strain components are described as a function of the current stress state. 
Based on the associated flow rule, the incremental strains can be determined as a constant 
times the gradient of the yield function and can be expressed as: 
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(2.31) 
Here Γ is the yield function and dλ is a Lagrange multiplier which determines the amount of 
plastic straining. The total incremental strain can be divided into incremental elastic and 
incremental plastic strains, i.e.: 
                 
and stress increments can be evaluated using 
                   
   
(2.32) 
 
(2.33) 
Here [De] is the elastic stress-strain matrix. The Lagrange multiplier can be obtained as [111]: 
   
 
  
  
 
 
        
    
  
  
 
 
     
  
  
 
 
 
(2.34) 
The elastic-plastic stress-strain matrix can then be obtained by eliminating dλ from eq. (2.33) 
which gives: 
               
where 
           
     
  
  
  
  
  
 
 
    
    
  
  
 
 
     
  
  
 
 
(2.35) 
 
 
(2.36) 
H* is the slope of the uniaxial stress-strain curve in the plastic region which can be 
determined from the input stress-strain data. The elastic-plastic stress-strain law depends on 
the yield function used and in order to compute the incremental plastic strains the derivatives 
of the yield function with respect to stress components are often required. This computation 
is simplified by expressing the yield function in terms of stress invariants, and differentiating 
it with respect to these invariants to obtain the gradient vector [111]. 
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2.4.  NUMERICAL SOLUTION PROCEDURES IN NONLINEAR 
FINITE ELEMENT ANALYSIS 
In nonlinear static analysis, the problems are formulated as a set of nonlinear equations and 
require incremental solution schemes. The load history is broken up into subcases in which 
each subcase can be divided into a number of load increments. Inside each load increment the 
solutions occasionally require iterations depending on the level of nonlinearity in order to 
obtain equilibrium at the end of each load increment. Two iterative procedures for the 
solution of nonlinear equations will be discussed, namely the full Newton-Raphson algorithm 
and the modified Newton-Raphson algorithm. 
  
2.4.1. FULL NEWTON-RAPHSON ALGORITHM 
To explain the concept used in full Newton-Raphson method, Figure 2.4 is used and eq. (2.8) 
has been rearranged as follows [110]: 
               
         
          
     
         
        
with the initial conditions 
     
            
     
(2.37) 
(2.38) 
 
(2.39) 
Here 
u = nodal-displacement vector 
Δu = increment to the current nodal-displacement vector 
P = external nodal-load vector 
R = internal nodal-load vector (functions of u) 
k = tangent-stiffness matrix (functions of u) 
The superscript i and subscript t+Δt represent the current iteration and the current load level 
during the analysis, respectively. Both the tangent-stiffness matrix, k, and the internal nodal-
load vector, R, are calculated based on the nodal-displacement vector, u, determined from eq. 
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(2.38). The internal nodal-load vector, R, can be obtained from the internal stresses. Having 
determined k and R, the incremental nodal-displacement vector, Δu, can be evaluated using 
eq. (2.37) and added to the current nodal-displacement vector, ui, in order to obtain the next 
nodal-displacement approximation, ui+1. The external nodal-load vector of load level t+Δt is 
maintained during this repetitive process until equilibrium has been reached as shown in 
Figure 2.4. Generally, the calculation and factorization of the tangent stiffness matrix 
contributes to the computational cost per iteration as bigger systems prohibitively add more 
cost to the analysis. In the full Newton-Raphson method, the tangent stiffness matrix is 
updated at every iteration and it is appropriate to use this method when problems are 
considered as having high nonlinearities. The problems might arise through having a 
combination of nonlinearity (i.e. geometrical, material and boundary condition nonlinearity), 
and/or interaction between buckling modes. 
 
Figure 2.4: Newton-Raphson method 
Figure 2.4 graphically shows the solutions using the Newton-Raphson method. The solution 
(i.e. internal nodal-load vector, R
i
) obtained at the end of each iteration would be compared 
with the external nodal-load vector, Pt+Δt. The final solution would be in equilibrium, that is 
the internal nodal-load vector would approximately equal the external nodal-load vector as 
expressed by eq. (2.4). 
To include plasticity or path dependent solution in the analysis, the applied loads (termed 
subcases in MSC/NASTRAN) must be divided into a number of load increments in order to 
properly track the load path. The Newton-Raphson iteration procedure can then be performed 
within each load increment as shown in Figure 2.5. This solution process is called the 
incremental Newton-Raphson method. 
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Figure 2.5: Incremental Newton-Raphson method 
Figure 2.5 shows one applied load (i.e. subcase), Pt+Δt, which is divided into three load 
increments, P1t+Δt, P
2
t+Δt and P
3
t+Δt. Within each load increment, the Newton-Raphson 
iterations are performed until the difference between the external and internal nodal-load 
increment vector (i.e. out-of-balance load vector) or the incremental nodal-displacement 
vector, Δu, is sufficiently small. 
 
2.4.2. MODIFIED NEWTON-RAPHSON ALGORITHM 
As an alternative to the full Newton-Raphson method, the tangent stiffness matrix 
manipulations could be performed less frequently, as in the modified Newton-Raphson 
method. The modified Newton-Raphson method can be considered as a special case of 
Newton method and can be expressed as [110]: 
              
               
     
         
        
with the initial conditions 
     
            
     
(2.40) 
(2.41) 
 
(2.42) 
Here η refers to the accepted equilibrium configuration, meaning that the tangent stiffness 
matrix is preserved and used until the system response starts to diverge. The modified 
Newton-Raphson method may be most efficient when the tangent stiffness matrix is formed 
and decomposed once at the start of the first or second iteration and used throughout until the 
equilibrium is obtained at the end of the load increment and this has been implemented in 
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MSC/NASTRAN.  Although the modified Newton-Raphson iteration engages less tangent 
stiffness matrix manipulations than the full Newton iteration, as the degree of nonlinearity in 
the system response becomes more nonlinear then more tangent stiffness matrix 
manipulations should be carried out. Apparently, the full Newton-Raphson method is 
becoming more effective than the modified Newton-Raphson method. The selection of the 
iterative schemes appropriate for the specific problem considered must be chosen properly. 
2.5. CONCLUDING REMARKS 
This chapter has described briefly the theoretical background of the finite element method 
with particular emphasised on the nonlinear static analysis. The basic finite element process 
has been explained and the characteristics of the nonlinear static analysis have been 
illustrated.
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Chapter 3  
 
THE COMPRESSIVE POST-LOCAL-BUCKLING COLLAPSE 
OF SHORT STRUTS 
 
3.1 INTRODUCTION 
In this chapter, the finite element techniques and solution strategies which are appropriate for 
the post-local buckling analysis of thin-walled short struts (i.e. I-, channel- and box-sections) 
have been developed. The post-local buckling behaviour of the struts has been determined 
using the nonlinear static solution sequence involving geometric nonlinearity, as well as 
elasto-plastic material nonlinearity using the simplified elastic-perfectly plastic stress-strain 
material model. Each particular type of problem has its own boundary conditions. Incorrect 
boundary conditions may lead to misleading results; hence, suitable constraints for each type 
of problem discussed are described in detail. In addition, the solution strategies involving the 
selection of suitable solution parameters such as the element selection, solution sequences, 
iterative procedures, load cases, element discretization, etc. are comprehensively defined in 
section 3.2. The findings for each thin-walled section are discussed at length in sections 3.3, 
3.4 and 3.5. 
 
3.2 FINITE ELEMENT TECHNIQUES AND SOLUTION STRATEGIES 
The finite element procedures involving the discretization of the struts into the finite element 
models, the application of boundary conditions, and material definitions, as well as the 
solution strategies pertaining to the selection of solution sequences, iterative procedures and 
load cases will be explained in this section. Each part of the numerical solution techniques is 
important in order to successfully simulate the post-buckled response of thin-walled sections 
with complete loading history from the beginning of applied loading through the linear and 
nonlinear elastic and elasto-plastic post-buckling phase of behaviour to final collapse and 
unloading. The finite element analysis was carried out by employing the general purpose 
MSC/NASTRAN package developed by the Mac-Neal Schwendler Corporation. 
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3.2.1. BOUNDARY CONDITIONS FOR SHORT STRUTS 
In a nonlinear static analysis, the finite element model is prevented from moving as a whole 
but the elements within the model can move, hence straining the structure internally. The 
relationships between strain and displacement are described by the kinematic (i.e. strain-
displacement) equations which relate the strains within a loaded body to the body‟s 
displacement. This restraining can be applied on the structure by defining the boundary 
conditions. Some fractions of the structure must be constrained from moving (i.e. zero 
displacement) and some areas are to move by a given amount (i.e. nonzero displacement). 
The conditions established at the junctions between the constituent flange and web plates of 
the cross-section along the length of the strut are being considered in this chapter. The in-
plane and out-of-plane deflections at the section junctions have been assumed to be 
uncoupled in previous analytical studies by Graves Smith [4] and numerical simulation 
procedures by Rhodes & Harvey [35], Graves Smith & Sridharan [37] and Ovesy et al. [39-
43] which use the finite strip method of analysis. Using this simplification of analysis the in-
plane displacements of the plate components along the junctions are free to move whilst the 
out-of-plane deflection of each of the plates disappears. Obviously, the compatibility and 
equilibrium conditions along the junctions have not been complied with and this results in 
stress free in-plane conditions at the junctions in the width direction of each plate. Many 
researchers in the past have used this approach when dealing with the post-local buckling 
behaviour of thin-walled sections in order to help simplify their analytical and/or numerical 
solution procedures in the analysis of thin-walled sections. The approach has been considered 
to represent fairly valid approximations to actual behaviour up to about three times the 
critical local buckling load of the section wherein the movements at the section junctions are 
considered to be negligibly small. The effects of boundary conditions corresponding to three 
conditions of natural waviness of the junctions, in-plane stress free conditions at the junctions 
and immovable straight junctions, not allowed to wave, respectively, have been examined in 
this chapter. Since most of the boundary conditions of the thin-walled plate structures (i.e. I-, 
plain channel and box-section) are identical, they will be discussed together. It may be noted 
that the finite element techniques developed here are verified and corroborated with the 
published results which come from the analytical results and independent simulation (i.e. 
finite strip analysis). 
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Boundary conditions at symmetry lines 
Figure 3.1 shows the isometric views of the struts. It is clear that symmetry conditions can be 
applied to the finite element models and indeed the use of double symmetry can be applied in 
this case. By using symmetry, only a portion of the actual structure needs to be modelled. The 
size of the finite element model - that is the total number of nodes, elements and degrees-of-
freedom - can be reduced, resulting in significant reduction of the analysis run time and 
computer resources required by at least a factor of two. In addition, more accurate results can 
also be obtained by using a finer mesh in the reduced model than a comparable number of 
elements in a coarsely meshed full model.  
To obtain the half-section and quarter-section model of the I-section strut, the strut can be cut 
at line ikj and line iklmn, respectively. The same applies with the channel section strut, and 
the half-section and quarter-section model can also be obtained by cutting the channel section 
strut at line gih and gijk, respectively. For the box-section strut, it is obvious that the strut can 
be modelled using quarter model by cutting the strut at line gih and ekf. To use the full 
advantages of symmetry modelling, the quarter box-section strut model can be cut again at 
line ijk to obtain a one-eighth strut model. Even, in this case the box section also can be 
modelled as a single plate element if the dimensions of the box-section strut are equal. 
 
Figure 3.1: Isometric views of I-, channel and box-section struts 
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Appropriate restraints must be applied to the symmetrical lines or planes of symmetry in the 
finite element model. The use of symmetry is dependent on the cross-sectional geometry, the 
end conditions and the behaviour of the structure. Some thin-walled structures must be fully 
modelled and some (e.g. lipped channel sections) can only use single symmetry but for the 
types of structures under consideration double symmetry can be used.  
Figure 3.2 shows boundary conditions of the half-section model for I-, and channel section 
struts and quarter box-section struts. All nodes lying on the axis of geometrical symmetry at 
the centre of the web, line ij, and lines gh are constrained from movement in the Y-direction 
and also from rotation about the X- and Z-axis along the member length. For the box-section 
strut, all nodes along the symmetry line ef at the centre of the flange are constrained from 
movement in the Z-direction and also from rotation about the X- and Y-axis. Figure 3.3 
shows the boundary conditions of the quarter-section model for I-, and channel section struts 
and one-eighth box-section struts. The letter „F‟ and number „0‟ in Figure 3.2 denote “free” 
and “restrained” respectively, for example, u = F denotes that the translation in the x-
direction is free; and v = 0 denotes that the translation in the y-direction is restrained. Hence, 
in the remainder of this work, the notations will be used without further mention. 
 
Figure 3.2: Isometric views of half (a) I-section, and (b) channel section model and 
quarter (c) box-section model 
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Figure 3.3: Isometric views of quarter-models of (a) I-section, and (b) channel section, 
and one-eighth model of (c) box-section struts 
When considering the strut quarter models and the one-eighth box-section model, all nodes at 
the strut central cross-section are constrained from movement in the X-direction with the 
flange nodes and the web nodes prevented from rotation about the Y-axis and about the Z-
axis as shown in Figure 3.3. When considering a half-wavelength strut with buckle crest 
existing at the strut centre, this is reflected in the modelling process by zero rotation about the 
Z-axis at the flange nodes and zero rotation about the Y-axis at the web nodes. 
 
Boundary conditions at the ends of the struts  
The boundary conditions applied at the ends of I-, channel and box-section strut models are 
such that the loading edges of the flat plate components of the sections are compressed 
uniformly by the same amount and in an incremental manner and are simply supported in 
nature and thus the out-of-plane displacements of all nodes at the section ends are zero. In 
addition, all nodes on one section end are forced to move by the same amount and in an 
incremental manner whilst those at the other end are not allowed to move axially. For 
example, Figure 3.4 shows the boundary conditions at the ends of the constituent flat plate 
components of full I-section strut model:  
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Figure 3.4: Boundary conditions at the ends of I-section struts 
All nodes along web line ad and flange lines ed and dh are enforced to move by the same 
amount in the X-direction. While all nodes along web line bc and flange lines fc and cg are 
not allowed to move in the X-direction. The out-of-plane displacements of the web line ad 
and bc are constrained in the Z-direction as well as the rotations about the X-axis and the Z-
axis. The out-of-plane displacements for the ends of the flange plate components are 
prevented from moving in the Y-direction and also the rotations about the X-axis and the Y-
axis are constrained from rotating. 
However, if the struts are cut down into half-, quarter-, or one-eighth (box-section struts) 
models, the boundary conditions at one section end are simply supported and move by the 
same amount while at the other end, the symmetry boundary conditions are applied 
accordingly. 
Boundary conditions for natural waviness junctions 
Using the finite element method, the nodes at the section junctions are permitted to be free 
from constraints, in which case, the coupling of the in-plane and out-of-plane deflections of 
the section walls meeting at the junctions is able to satisfy the natural compatibility and 
equilibrium conditions at the junctions, leading to waviness of the junctions along the length 
of the struts. The natural waviness boundary condition can be implemented in finite element 
modelling by making the web and flanges section walls share identical nodes along the 
section junctions. In other words, all the web nodes along the length of the section junctions 
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move and rotate by the same amount as the corresponding nodes of the flanges at the 
junctions, for example using the I-section strut shown in Figure 3.5. In PATRAN, the sharing 
of nodes along the section junctions can be done by equivalencing action in the Elements 
Module, in which PATRAN would identify nodes having close proximity within the 
tolerance specified and leaving only one node in the vicinity by deleting the others.    
 
Figure 3.5: Natural waviness conditions at the junctions 
 
Boundary conditions for immovable straight junctions  
For the immovable straight junctions, all the nodes along the length at the section junctions 
are not allowed to move in the two transverse directions (i.e. Y and Z) as for example using 
the I-section strut shown in Figure 3.6. The immovable straight junctions have been included 
in this work simply for comparative purposes and it has only been applied to the I-section 
strut. 
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Figure 3.6: Immovable straight edges conditions at the junctions 
Boundary conditions for the in-plane stress free approach 
For this type of boundary condition, it is clear that compatibility cannot be preserved along 
the section junctions since the in-plane and out-of-plane displacements of the flat plate 
components are uncoupled. These assumptions are acceptable for short struts composed of 
not more than two non-coplanar plates meeting at a junction and having no interaction of 
post-local buckling and overall bending in the secondary paths [37]. Using these classical 
approximations, the movements at the section junctions are considered to be negligibly small 
and the plate structures (i.e. I-, plain channel, and box-section struts) appear to be composed 
of separate individual flat plate components.  
Although this approach - whose assumptions are considered to represent fairly valid 
approximations to actual behaviour - has been implemented by a great many researchers in 
the past, and with the intention of comparing the approach with one which allows the section 
junctions to naturally wave, there is a need to model it using finite element. Figure 3.7 shows 
the constraint applied at the nodes along the junctions of the I-section struts. 
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Figure 3.7: In-plane stress free conditions at the junctions 
The out-of-plane displacements of the constituent flange and web plates of the cross-sections 
along the lengths of the struts are prevented from moving. Compatibility requires that the 
axial displacements and the rotation about the X-axis of the web and flange along the 
junctions are equal. There are no restrained in-plane resulting stress free in-plane conditions 
at the junctions in the width direction of each plate.  
To be able to model the in-plane stress free boundary conditions along the section junctions, 
the struts have been modelled as a combination of individual flat plate components. In order 
to connect the nodes of the constituent flat plates at the junctions, multipoint constraint 
(MPC) equations were employed. MPC is a powerful tool which can be used to connect 
specific nodes or several degrees-of-freedom to each other. The dependent degrees-of-
freedom of nodes are related to those at the independent nodes by prescribed equations that 
must be enforced on the structure. Examples in applying MPC are to ensure in-between nodes 
lie exactly on the straight line between end nodes, to connect different types of elements, and 
to link two or several distant nodes each of which follows prescribed behaviour (e.g. rigid 
link) [119]. Figure 3.8 shows an example of plate components made up of finite elements: 
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Figure 3.8: Multipoint constraint to enforce compatibility of nodes along the junctions 
Since the I-section strut for this case has been modelled as a combination of separated 
individual flat plate components, there is a need for compatibility which defines the ties 
between the web and flange at the section junctions. There are two degrees-of-freedom 
defining the ties, i.e. the axial displacement and the rotation about the X-axis. For example to 
make node 1 of element 1 equal the corresponding node 7 of element 4 and node 13 of 
element 7, four MPC equations must be enforced. 
          x       
           x       
            x ROT     
             x ROT     
The MPC equations can be defined by creating MPC of type explicit in Element module of 
PATRAN. All other boundary conditions will not be using MPC equations and are applied 
directly to the nodes along the junctions of each plate. 
 
3.2.2. ELEMENT SELECTION 
Element selection is important as the elements represent the real structure in finite element 
analysis. Elements are interconnected by nodes which identify the locations where the 
displacements are computed. The first order element has only corner or end node whereas the 
second order element also includes mid-side nodes. The displacements within the element are 
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linearly and quadratically interpolated for the first order and second order element, 
respectively. For thin-walled structures, the most appropriate elements to be used are shell 
elements. MSC/NASTRAN provides a number of different types of shell elements in 
standard triangular and quadrilateral forms. CTRIA3, CTRIA6 and CTRIAR are the 
triangular elements and CQUAD4, CQUAD8 and CQUADR are the quadrilateral elements. 
Apparently, quadrilateral shell elements are suitable for analysing the prismatic plate 
structures. However, the CQUAD8 and CQUADR quadrilateral shell elements do not have 
the required capabilities for analysing nonlinear cases [120]. 
As a result, the CQUAD4 quadrilateral shell element has been used to formulate the finite 
element models. In the post-buckling process, the interaction of the local bending and 
membrane stretching of the section walls occurs, and this is accounted for in the CQUAD4 
shell element. The element has four connecting nodes and each of its nodes has five degrees-
of-freedom, these being three translational and two rotational degrees-of-freedom. The sixth 
degree-of-freedom, which corresponds to the rotation about the normal to the surface of the 
element, is not provided in the element formulation. 
 
3.2.3. SOLUTION SEQUENCES 
The capability of being able to perform different types of analysis is provided for in 
MSC/NASTRAN through the appropriate selection of the different solution sequences made 
available in the software and designed for specific applications. With the aim of investigating 
the post-buckled response of thin-walled sections with complete loading history from the 
onset of elastic local buckling, through the nonlinear elastic and elasto-plastic post-buckling 
phases of behaviour, to final collapse and unloading, the linear buckling analysis and the 
nonlinear static analysis have been performed. 
The linear buckling analysis, an important step before progressing to the subsequent 
nonlinear collapse analysis, can be performed using SOL 105 in MSC/NASTRAN. 
Generally, the buckling analysis is carried out to obtain the local buckling loads in this case, 
and the associated mode shapes. The buckling load is used as a load constant which is then 
multiplied by the cumulative load factor to define the load cases. Moreover, the buckling 
mode shapes are utilized in a mapping procedure to generate the initial geometrical 
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imperfections of the models. The material properties needed for linear elastic buckling 
analysis are only the Young‟s modulus and Poisson‟s ratio of the struts material.  
The nonlinear static solution sequences in MSC/NASTRAN can be performed using SOL 
106, SOL 400 or SOL 600. SOL 106 is the default nonlinear static solution in NASTRAN 
and uses the modified Newton-Raphson method as the default. Yet, the numerical solution 
method can be changed to the full Newton-Raphson method which is recommended if the 
problem is highly nonlinear.   
SOL 400 has been developed by MSC to provide for general nonlinear solutions. Most of the 
nonlinear analysis types such as nonlinear static analysis, nonlinear transient analysis, 
nonlinear buckling analysis, and nonlinear normal mode analysis have been included in SOL 
400. SOL 400 is intended to replace SOL 106 in future, but it is of note that SOL 400 has not 
been fully released by MSC and thus was not employed in this work. 
NASTRAN implicit nonlinear, also known as SOL 600 is a solution procedure that uses 
MARC as a solver but maintains NASTRAN pre- and post- environment. SOL 600 makes 
use of virtually all MARC advanced nonlinear technology. 
The solution sequence SOL 106 has been adopted to analyse the post-local buckling 
behaviour of the struts. This is due to its ability to deal with geometric nonlinearity as well as 
elasto-plastic material nonlinearity using the simplified elastic-perfectly plastic stress-strain 
material model. In addition, the present problems only deal with post-local buckling without 
any interaction with other types of buckling modes, and can be considered as not so highly 
nonlinear cases. It is worth pointing out that by using the modified Newton-Raphson method 
in SOL 106 which does not require the tangent stiffness matrix to be updated at every 
iteration, the saving in the analysis run time and minimum number of attempts by the analyst 
can be considered as more efficient than the SOL 600 which produces identical results.  
 
3.2.4. LOAD CASES 
In nonlinear static analysis, the loading history must be partitioned in order to gain more 
control over the solution. These partitions of the loading history are termed subcases in 
MSC/NASTRAN. A subcase can be subdivided into smaller fractions and these subdivisions 
are called load increments. In order to obtain convergence at the end of a load increment, the 
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unbalanced forces are repeatedly introduced within the load increment into the solution until 
the solution has converged. This process is termed iteration. A suitable number of subcases, 
load increments and iterations are important to ensure that equilibrium is satisfied at the end 
of each subcase and load increment, and more importantly the solution can pick up rapid 
changes during the loading process. A diagram showing the typical partitioning of loads 
during the loading course is shown in Figure 3.9: 
 
Figure 3.9: Load division details of the loading history 
The total loading is divided into subcases. The boundary conditions from subcase to subcase 
can be changed with each subcase. They can be varied in loading magnitude and may have a 
different number of load increments depending on the behaviour of the loading history. At 
the location containing sudden changes during the loading, the number of subcases must be 
increased (i.e. smaller magnitudes). This technique is important to allow the 
MSC/NASTRAN solver to pick up the unexpected turns in the loading. Moreover, the 
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number of increments in each subcase can be moderate resulting in faster run time, more 
accurate results and steady equilibrium paths. The geometric and material changes in 
subcases are cumulative which means that each subcase is dependent on the previous 
subcase, i.e. the initial condition for a subcase is the end condition of the previous subcase.  
The number of increments in a subcase can be specified in NINC field. The size of the load 
increments is equally spaced by dividing the subtraction of the load specified in the preceding 
subcase from the total load for the current subcase with the number of increments.  
The iterations are the lowest level of the solution process. The maximum number of iterations 
can be specified in the MAXITER field. The process of finding convergence continues until 
the specified convergence parameters are exceeded, or the number of iterations has reached 
MAXITER without convergence. If this occurs, the current load increment will be cut in half 
and the process of finding convergence starts again. 
For the type of struts being considered, the top ends of the constituent plates of the struts 
were uniformly compressed by enforced boundary displacement with the same amount and in 
an incremental manner. The magnitudes of the subcases were varying depending on the 
behaviour of the loading history with each subcase consisting of 100 load increments. It is 
suggested in the MSC/NASTRAN handbook that the number of load increments in a subcase 
should be within 10 to 20. Instead, by using 100 load increments, the consistency in 
maintaining the number of load increments is preserved and only the number of subcases is 
changed. 
 
3.2.5. ITERATIVE SOLUTION PROCEDURES SELECTION 
In nonlinear static (SOL 106), there are several iteration solution methods available (i.e. 
AUTO, SEMI, and ITER) and these can be utilized depending on the level of the nonlinear 
problem. For the general or non-highly nonlinear problems the AUTO method is sufficient 
and the fastest way to obtain a solution, but for problems with highly nonlinear behaviour the 
SEMI or the ITER method is recommended. 
The modified Newton-Raphson method is employed in the AUTO method which is the 
default method in SOL 106. This method can be served as the basis in examining the overall 
behaviour of a structure and from this it can be determined which method should be used. 
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This method allows the solver, MSC/NASTRAN, to decide when to perform the stiffness 
matrix update based on the rate of convergence. 
The SEMI method is similar to the AUTO method but a stiffness matrix is updated after the 
first iteration of a load increment, whereas the solutions in the AUTO method are sometimes 
without a stiffness matrix update.  
For highly nonlinear cases, the ITER method is suggested. The ITER method employs either 
modified Newton-Raphson method or full Newton-Raphson method depending on the value 
in KSTEP field. Using the ITER method, the stiffness matrix update is performed at every 
KSTEPth iterations. If the value of KSTEP is set to 1, the solver will use the full Newton-
Raphson method, whereas for other KSTEP values the solver will use the modified Newton-
Raphson method.  
 
3.2.6. GEOMETRICAL IMPERFECTIONS 
The presence of imperfections can be taken into consideration in the finite element modelling 
process by assuming that the section walls have initial deviations from flatness. This 
considerably affects the behaviour of compressed struts and leads to a nonlinear response 
from the beginning of applied loading. Many researchers dealing with imperfections employ 
a common approach which is to assume that the form of imperfection is identical in shape to 
the initial buckled form of the perfect cross-section. It is of note that the imperfection of this 
form has the most deteriorating outcome on the behaviour of thin-walled members and 
produces the most conservative prediction of section collapse, as the maximum stresses in the 
section are found to increase more rapidly with load than any other imperfection shape of the 
same magnitude [4]. Because the approach has been shown to produce realistic predictions of 
actual behaviour, it has been employed in the present work due to the ease and simplicity of 
its application when using the finite element method of analysis. The linear static buckling 
solution sequence (SOL 105) of the MSC/PATRAN/NASTRAN finite element software can 
be employed to produce the locally buckled mode shape which is then mapped onto the finite 
element mesh grid system corresponding to the specified maximum imperfection amplitude 
to form the new imperfect structure. The imperfect structure is then used in the nonlinear 
static solution sequence to determine the influence of geometric nonlinearity on the post-
buckling behaviour. The eigenmode mapping technique allows the examination of the effects 
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of local geometric imperfections in a fairly straightforward manner. As a rule, the magnitude 
of the imperfection is normally taken to be a percentage of the section wall thickness, i.e. 
maximum imperfection magnitude is set to 0.1t, 0.2t etc. The acceptable tolerance for the 
amplitude of the imperfections can be up to 1 per cent of the plate width. 
 
3.2.7. CONVERGENCE STUDY 
A convergence investigation has been performed to ascertain a suitable size of finite element 
across the section that leads to a solution with a reasonable accuracy. Suitably refined finite 
element models with appropriate loading and boundary conditions were developed to 
simulate the complete compressional loading history of the plate structures. While a number 
of cases having different cross-sectional geometries, lengths, shape factors, load levels and 
number of finite elements have been considered, it is adequate to include the discussion of 
only two cases here as all cases resulted in a similar conclusion as far as the convergence 
study is concerned. These are shown in Figure 3.10 and Figure 3.11.  
 
Figure 3.10: Convergence study of compressed I-section struts 
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Figure 3.11: Convergence study of compressed plain channel struts 
These figures show the results of the convergence study performed for a doubly-symmetric I-
section strut and a single-symmetric plain channel strut, respectively. Both figures depict the 
responses of the plate structures covering the onset of initial compression through the 
nonlinear elastic and elasto-plastic post-buckling phases of behaviour to final collapse and 
then through the plastic unloading phase of behaviour. In each figure, three different sizes of 
the finite elements are considered, including the one with 3 mm element size which has been 
used so far in this work. 
Each case shows that a converged equilibrium solution can be obtained by using any one of 
the three sizes of the finite element across the section. Considering the results of these two 
cases and those of many other cases, which were considered and not shown here, a converged 
solution would be achieved by modelling the section with 3 mm size of element. Hence, in 
the remainder of this work, the analysis of the plate structures will only be carried out by 
using the size of 3 mm finite element without further mention. 
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3.3 I-SECTION COMPRESSIVE RESPONSE 
In this section, the type of structures considered is the I-section short strut. Figure 3.12 shows 
the typical cross-section geometrical details of the doubly-symmetric I-section struts. The 
sections have a length L, the width of the web and flanges are denoted by bw and bf 
respectively, and both the web and flanges have the thickness of tw and tf as indicated. It is to 
be noted that the cross section dimensions bw and bf are the mid-surface dimensions and not 
the outside dimensions of the section. The Z and Y axes are located in the planes of 
geometrical symmetry of the cross-section and acting at the section centroid. The Y axis 
coincides with the web edge of the section whilst the Z axis is parallel with the edge of the 
flanges as shown in Figure 3.12. The positive direction of the longitudinal X axis is pointing 
out of the paper and acting along the member length. 
 
Figure 3.12: Geometry of the doubly-symmetric I-section strut 
The findings are presented for a typical doubly-symmetric I-section strut with bf/bw shape 
factor equal to 0.5 and 1.0. The length, L and the width of the web, bw are of the same size 
which is 100 mm and the thickness for both the flanges and the web is in the order of 1.5 mm. 
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Figure 3.13: Non-dimensional load-end shortening variation for a doubly-symmetric I-
section struts 
The non-dimensional load, end-compression plot of doubly-symmetric struts with bf/bw shape 
factor equal to 0.5 is shown in Figure 3.13. It is seen that the response of strut with load 
whose section junction edges are stress-free in-plane is in close agreement with that of the 
natural waviness boundary condition for an initial post-local buckling analysis (i.e. up to 
about 1.5-2.0 times the buckling load). For end compression which is more than 2.0 times, 
both curves are seen to depart from each other and thus the classical assumption is a fairly 
valid approximation for an initial elastic post-local-buckling analysis. For comparison 
purposes, the result [7] from the independent finite strip method of analysis is plotted. The 
finite element model is a fully converged fine-mesh model with a high degree of shape 
flexibility across the section and along the length of the struts in the post-buckling range, and 
results in more accurate response than using the finite strip solution. The response for the 
immovable straight edge boundary condition is seen to be over constrained and does not bear 
a resemblance to the actual behaviour of the I-section struts but results in an over-stiff post-
local-buckling response. 
The longitudinal membrane stress distribution across the quarter cross section, i.e. BOA of 
the same section is shown in Figure 3.14 - Figure 3.16 representing stress distributions at the 
section ends or buckle nodes, at buckle crest and at mid-way between the buckle nodes and 
the buckle crest, respectively. 
61 
 
 
Figure 3.14: Longitudinal membrane stress distribution for a doubly-symmetric I-
section struts (at buckle node) 
 
Figure 3.15: Longitudinal membrane stress distribution for a doubly-symmetric I-
section struts (at buckle crest) 
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Figure 3.16: Longitudinal membrane stress distribution for a doubly-symmetric I-
section struts (mid-way between node and crest) 
The stress distributions shown are at twice and three times the buckling load and are based on 
a linear elastic material. It is of note that out-of-plane buckle has significantly altered the 
stress distributions of the section and these are a typical characteristic of post-local buckling 
mechanics. At the applied load level of three times the buckling load of Figure 3.14, the 
stresses are zero at location B (the centre of the web), and are in tension at location A (the 
flange free edge). Load shedding from the buckled region, i.e. locations A and B, towards 
location O (the section junction) is clearly evident from the higher compressive stress levels 
shown in the junction region. 
Figure 3.15 shows the longitudinal membrane stress distributions at the half length of the 
strut at the crest of the buckle. As expected, the stress concentrations are towards the 
junctions of the section in which the total load on the strut is carried more by elements close 
to the junctions. At the applied load level of three times the buckling load of Figure 3.15, the 
stresses at location B and location A are zero while at location O (at the crest of the buckle), 
the membrane stresses are seen to be maximum. The results of the finite element method 
compare well with those of the finite strip method of Ovesy [7] and this is noted to be 
particularly true at the load level of twice the buckling load. At three times the buckling load 
the finite element method of analysis gives more accurate results pertaining to the stress 
levels over the central region of the web. 
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With the intention of examining the influence of material nonlinearity, the elasto-plastic 
material constitutive model has been included in the post-local-buckling analysis of the 
doubly-symmetric I-section struts. Thus the material model used in the finite element 
formulation is based on the isotropic, elastic-perfectly plastic material model in conjunction 
with the Von Mises failure criterion. The yield stress is varied from 250 N/mm
2
 to 550 
N/mm
2
. 
 
Figure 3.17: Non-dimensional load-end shortening variation (imperfections and 
material non-linearity effects) 
The non-dimensional load, end shortening plots for different levels of yield stress are shown 
in Figure 3.17. At all levels of yield stress, the compression covers the complete loading 
process from the beginning of the applied loading through the nonlinear elastic and elasto-
plastic phases to ultimate plastic collapse with the subsequent elasto-plastic unloading phase 
of behaviour. It has been found that ultimate conditions are closely associated with complete 
surface yielding through all surfaces at the section junctions. The dotted lines in Figure 3.17 
represent the influence of local geometrical imperfections with maximum amplitude of 0.4tw 
and corresponding to the yield stress levels of σY = 250 N/mm
2
 and 550 N/mm
2
 respectively. 
It can be seen that for the case of imperfect sections the responses tend asymptotically to their 
ideal perfect counterparts far into post-buckling during the plastic unloading phase of 
behaviour. In the case of higher yield stress section the effect is not significant and loss in 
carrying capability is less than 3% while for the section designed with near simultaneous 
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buckling and yielding, the effect is significant with corresponding loss in carrying capability 
of just over 13%. 
The influence of geometric and material nonlinearity on post-buckled compressional stiffness 
of the I-section struts is depicted in Figure 3.18. The ratio of post-buckled to pre-buckled 
compressional stiffness, S*/S, is plotted against the non-dimensional applied load, P/Pcr. In 
the elastic range of Figure 3.18, the post-buckled stiffness levels of the finite element method 
are lower than those of the finite strip method, demonstrating higher degree of accuracy of 
the converged, fine mesh, finite element modelling procedures employed. In the elasto-plastic 
range, the equilibrium curves with regard to yield stress levels of 350, 450 and 550 N/mm
2
 
deviate from the elastic post-buckling curve in the initial stages of yielding with subsequent 
rapid loss in compressional stiffness and eventually reaching the zero post-buckled stiffness 
level at ultimate load conditions. For the case of near simultaneous buckling and yielding 
design and with particular reference to the yield stress level of 250 N/mm
2
, the post-buckled 
stiffness continues to drop quickly to zero at a load level only slightly in excess of the initial 
buckling load. 
 
Figure 3.18: Variation in post-buckling compressional stiffness ratio with load (material 
nonlinearity effects) 
Finite element simulation using the same strategies and solution procedures has been used to 
determine the performance of an I-section strut with bf/bw = 1 in the elastic range of 
behaviour. For comparison purposes with the finite strip work of Ovesy [7], the load-end 
shortening variation of the strut is plotted in the same arrangement as that used in the finite 
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strip work using the non-dimensional average compressive stress on the section, ζavg/ζcr, 
against the non-dimensional maximum edge stress at the section junctions, ζeMAX/ζcr, as 
shown in Figure 3.19. 
 
Figure 3.19: Variation in non-dimensional average stress with maximum edge stress 
The response of the finite element method compares favourably with that of the finite strip 
method of Ovesy [7]. Good correlation of the elastic response between both methods of 
analyses and the curves are nearly identical up to about 2.5 times the buckling load. As 
mentioned previously, the classical approach of analysis using the in-plane stress-free edge 
boundary conditions produces a fairly valid approximation up to about twice the buckling 
load, or perhaps slightly more than this. 
The longitudinal membrane stress variations across the quarter cross section, i.e. BOA for I -
section strut with bf/bw = 1, is shown in Figure 3.20 - Figure 3.22 representing stress 
distributions at the section ends or buckle nodes, at buckle crest and at mid-way between the 
buckle nodes and the buckle crest, respectively. The stress variations shown are at twice and 
three times the buckling load and are based on a linear elastic material. It can be seen that the 
responses from the finite element method are in close agreement with those of the finite strip 
method [7] in the post-buckling range at both load levels considered. An examination of 
stress variations with load is considered important to obtain a comprehensive understanding 
of the mechanics of post-local buckling in thin-walled sections. 
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Figure 3.20: Longitudinal membrane stress distribution for a doubly-symmetric I-
section struts (at buckle node) 
 
 
Figure 3.21: Longitudinal membrane stress distribution for a doubly-symmetric I-
section struts (at buckle crest) 
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Figure 3.22: Longitudinal membrane stress distribution for a doubly-symmetric I-
section struts (mid-way between node and crest) 
It is of note that the growth of out-of-plane buckle with load shown in Figure 3.20 - Figure 
3.22 significantly affects the stress distributions. As the loading increases, the stresses are 
more concentrated towards the section junctions than the predominantly buckled regions of 
the section. It can be seen that the locations at which the compressive membrane stresses are 
found to be maximum are situated at the buckle crest and at the section junctions. 
Figure 3.23 and Figure 3.24 present the influence of material nonlinearity on post-buckled 
performance of the I-section strut of Figure 3.19. Figure 3.23 shows the end compression 
plots for the case of perfect and imperfect sections in varied values of yield stresses. It is seen 
that the local buckling stress of the I-section strut with bf/bw = 1 is lower than that for the case 
bf/bw = 0.5 as a result of wider section flanges. Accordingly, with particular reference to the 
yield stress level of ζY = 250 N/mm
2
 the strut has more elastic post-buckling reserve before 
the onset of yielding and failure, and thus the influence of local geometrical imperfections on 
the ultimate carrying capability is not as severe as that for the near simultaneous buckling and 
yielding design. In the case of imperfect section with higher yield stress the loss in carrying 
capability is 1.6% compared with 3% for the section with bf/bw = 0.5 with the same yield 
stress level, whereas for the section with material yield stress ζY = 250 N/mm
2
, the loss in 
carrying capability is 4.8% compared with 13% for the near simultaneous mode design. 
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Figure 3.23: Non-dimensional load-end shortening variation (imperfections and 
material non-linearity effects) 
The influence of geometric and material nonlinearity on post-buckled compressional stiffness 
of the I-section struts with bf/bw = 1 is depicted in Figure 3.24. The ratio of post-buckled to 
pre-buckled compressional stiffness, S
*
/S, is plotted against the non-dimensional applied 
load, P/Pcr. In the elastic range of Figure 3.24, again, the post-buckled stiffness levels of the 
finite element method are lower than the finite strip method as a result of the higher degree of 
accuracy of the finite element modelling procedures employed. As a result of out-of-plane 
buckle the section loses some of its compressional stiffness and this is seen in Figure 3.24 
whereby at the point of buckling, the ratio of post-buckled to pre-buckled compressional 
stiffness, S*/S is approximately 0.5. As loading progresses, the change in post-buckled shape 
with load results in further reduction of the ratio to about 0.33 when P/Pcr = 2.55. If the 
section maintained its post-buckled shape throughout the loading process then the elastic 
post-buckled stiffness would remain constant at S*/S = 0.5 and thus at P/Pcr = 2.55, the 
changes in local mode shape  are noted to have reduced the elastic post-buckled stiffness by 
something of the order of 34%. 
In the elasto-plastic range, the equilibrium curves pertaining to all yield stress levels, deviate 
gradually from the elastic post-buckling curve in the initial stages of yielding with subsequent 
fairly rapid loss in compressional stiffness and eventually reaching the zero post-buckled 
stiffness level at ultimate load conditions. 
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Figure 3.24: Variation in post-buckling compressional stiffness ratio with load (material 
nonlinearity effects) 
With the intention of examining the growth of the von Mises stress variations with load at the 
various section surfaces, the surfaces in the finite element models are defined such that the 
outer surface 1 stands for surfaces that experience contraction across the section and outer 
surface 2 corresponds to surfaces having expansion across the section for the case of half-
wavelength struts. The schematic buckled shape of the I-section struts showing the 
corresponding surfaces is as detailed in Figure 3.25. 
 
Figure 3.25: Buckled shape and surface definition 
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In the case of longer structural members, the walls of surfaces on outer surfaces 1 and 2 are 
retained and as the length of the plate structures increases these surfaces will undergo 
contraction and expansion along the length. The middle surface of the cross-section is shown 
by the dotted line. In order to gain more in-depth understanding of the post-local buckling 
mechanics of thin-walled I-section struts with particular reference to section aspect ratio of bf 
/bw = 0.5, the development and variation of the von Mises stresses with load from initial 
nonlinear elastic conditions to ultimate plastic failure is examined and illustrated in Figure 
3.26 and Figure 3.27. 
 
Figure 3.26: Load locations for von Mises stresses (bf /bw = 0.5) 
The non-dimensional load, end compression plot of I-section strut with bf /bw = 0.5 
corresponding to the material yield stress level of ζY = 550 N/mm
2
 is shown in Figure 3.26. 
The images of section surfaces showing the growth of plastic yielding with load are shown in 
Figure 3.27. At each load location which corresponds to the number shown on the end 
compression plot of Figure 3.26, the von Mises stresses on three surfaces can be visualized, 
these being the outer surface 1, middle surface and outer surface 2. In this way, perhaps, the 
most probable mechanism of failure at plastic collapse can be ascertained. It is worth pointing 
out that these results have been reported by Loughlan & Yidris [127]. At the time of the work 
there were three surfaces considered and the von Mises stresses on the middle surfaces were 
calculated as the average between the two outer surfaces. At present, the work has been 
reconsidered using 5 numbers of surfaces and the von Mises stresses were obtained directly 
from the analysis. 
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Load Point Outer Surface 1 Middle Surface Outer Surface 2  
1 
 
Elastic Conditions 
 
 
σmax = 385 N/mm
2 
 
σmax = 270 N/mm
2 
 
σmax = 353 N/mm
2 
 
2 
 
Elastic Conditions 
 
 
σmax = 477 N/mm
2 
 
σmax = 442 N/mm
2 
 
σmax = 452 N/mm
2 
3 
von Mises yielding 
at section ends in 
vicinity of section 
junction 
 
σmax = 550 N/mm
2 
 
σmax = 484 N/mm
2 
 
σmax = 550 N/mm
2 
4 
Yield propagation 
through thickness 
and along section 
 
σmax = 550 N/mm
2 
 
σmax = 501 N/mm
2 
 
σmax = 550 N/mm
2 
5 
Yield propagation 
along section 
junction at middle 
surface    
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6 
Significant yield 
propagation at 
middle surface 
junction    
7 
Significant von 
Mises yielding at all 
surfaces 
   
Figure 3.27: Growth of von Mises stresses with load from elastic condition to ultimate 
plastic failure (bf /bw = 0.5) 
At load point locations 1 and 2, the von Mises stresses are seen to be everywhere less than the 
material yield stress level of ζY = 550 N/mm
2
 as indicated in Figure 3.27 and thus the section 
is still in the elastic region. At load levels 1 and 2, the maximum stresses are in the order of 
385 N/mm
2
 and 477 N/mm
2
, respectively, taking place in the web of the section on outer 
surface 1. At load level 1, the location of maximum stress is at the buckled crest but at 
location 2, the location is now noted to be at the section ends and in the vicinity of the section 
junction. For the section considered with bf /bw = 0.5 the first yielding is found to take place 
between load levels 2 and 3 as indicated in Figure 3.26. At load level 3 von Mises yielding 
occurs first in the web and flange elements of the section on outer surfaces 1 and 2 at the 
section ends and in the vicinity of the section junction whilst the maximum stress on the 
middle surface is noted to be 484, located at mid-height in the vicinity of the section junction. 
At load level 4, it is clear that yield propagation has not gone through wall thickness yet but 
the growth of yielding has progressed from the section ends towards the strut mid-height on 
surfaces 1 and 2. At load level 5, it is evident that complete yielding through wall thickness 
has, eventually, been reached at the section mid-height in the vicinity of the junction. At load 
level 6, it is clear that complete yielding through all surfaces has developed from the section 
ends along its length towards the buckle crest at its mid-height and that the section junction in 
particular is now fully yielded. At load levels 6 and 7, prior to the unloading phase of 
behaviour, the growth of von Mises yielding is seen to be significant at the middle surface 
junction all along the section length. By examining the development of von Mises yielding 
with load and with particular reference to load levels 6 and 7, it is worth mentioning that 
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ultimate plastic collapse is closely associated with complete through-the-thickness yielding at 
the section junctions and all along the section length. 
It is of note that the development in out-of-plane buckle has caused the change in 
compressional stiffness of thin-walled I-section struts. This change depends on cross-
sectional shape and section wall thickness. In the compression process, outer surface yielding 
starts to develop as a result of the high through-the-thickness bending stresses caused by local 
buckling. In the elasto-plastic phase of behaviour, more loss in axial stiffness is seen due to 
the effects of local form change and material nonlinearity. This eventually leads to collapse 
of the sections and the subsequent unloading phase of behaviour. 
 
3.4 PLAIN CHANNEL SECTION BEHAVIOUR 
The typical cross-section geometrical details for the plain channel-sections are shown in 
Figure 3.28. The sections have a length L, the width of the web and flanges are denoted by bw 
and bf respectively and both the web and flanges have the thickness of tw and tf as indicated. It 
is to be noted that the cross section dimensions bw and bf are the mid-surface dimensions. The 
Y and Z axes are acting at the section centroid, with the Y axis parallel with the web edge of 
the section whilst the Z axis is parallel with the edge of the flanges as shown in Figure 3.28. 
In addition, the Z axis is located in the planes of geometrical symmetry of the cross-section. 
The positive direction of the longitudinal X axis is pointing out of the paper and acting along 
the member length. 
 
Figure 3.28: Geometrical details of plain channel-sections 
For comparative purposes using different cross-sectional geometry, the structural 
performance of a channel-section strut with bf/bw = 0.5 has also been determined through 
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finite element modelling using the same approach. The length, L and the width of the web, bw 
are of the same size which is 100 mm and the thickness for both the flanges and the web is in 
the order of 1.5 mm.  
Figure 3.29 shows the non-dimensional maximum edge stress at the section junctions, 
ζeMAX/ζcr versus the non-dimensional average compressive stress on the section, ζavg/ζcr, for 
the plain channel strut. The graph has been plotted in the same arrangement as that used in 
the finite strip work of Ovesy [7].  
 
Figure 3.29: Variation of non-dimensional maximum edge stress with average stress 
The graph clearly shows that the curve of the finite element using the in-plane stress-free 
edge boundary condition at the section junctions bears a close resemblance to the curve of the 
finite strip work [7]. Similar to the case of the I-section strut, as the end-compression 
progresses further the load-end shortening curves diverge from each other at a load close to 
2.5 times the buckling load. Excellent comparison is shown here with almost identical curves 
except at the higher load level. The same technique has also been implemented to model the 
box-section struts and this will be discussed in the next section. 
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Figure 3.30: Longitudinal membrane stress distribution (at buckle crest) 
The longitudinal membrane stress distribution across the quarter cross section, i.e. BOA of 
the channel-section struts with bf/bw = 0.5 is shown in Figure 3.30, representing stress 
distributions at the crest of the buckle. In order to compare this directly with the finite strip 
work of Ovesy [7], the stress distributions are obtained at twice and three times the buckling 
load as shown. The stress distributions exclude the influence of material yielding and are thus 
based on a linear elastic material. Predictably, as the load increases the stress concentrations 
move heavily towards the junctions of the section in which the total load on the strut is 
carried more by elements close to the junctions. Additionally, the maximum membrane 
stresses are seen to take place at the junctions at the crest of the buckle. The figure also shows 
good agreement between the finite element method and the finite strip method [7] and 
demonstrates a typical characteristic of post-local buckling mechanics. 
The work is further extended to include the elasto-plastic material constitutive model into the 
post-local-buckling analysis of the singly-symmetric channel struts. Figure 3.31 shows the 
non-dimensional load-end shortening curves for different levels of yield stress.  
76 
 
 
Figure 3.31: Non-dimensional load-end shortening variation (imperfections and 
material non-linearity effects) 
The material model used in the finite element formulation of the plain channel strut is based 
on the isotropic, elastic-perfectly plastic material model in conjunction with the Von Mises 
failure criterion. The yield stress is varied from 250 N/mm
2
 to 550 N/mm
2
 for the case of 
perfect sections. At all levels of yield stress, it is clear that a complete loading process from 
the beginning of the applied loading through the nonlinear elastic and elasto-plastic phases to 
ultimate plastic collapse with subsequent elasto-plastic unloading phase of behaviour has 
been defined. It has been found that ultimate conditions are closely associated with complete 
surface yielding through all surfaces at the section junctions. The influence of local 
geometrical imperfections is indicated in Figure 3.31 by the dotted lines for the case of an 
imperfection maximum amplitude of 0.4tw and corresponding to the yield stress levels of σY 
= 250 N/mm
2
 and 550 N/mm
2
 respectively. It can be seen that for the case of imperfect 
sections the responses tend asymptotically to their ideal perfect counterparts far into post-
buckling during the plastic unloading phase of behaviour. In the case of the higher yield 
stress section the effect is not significant and loss in carrying capability is less than 3%, while 
for the section designed with near simultaneous buckling and yielding, the effect is 
significant with corresponding loss in carrying capability at just over 13%. 
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3.5 BOX SECTION FAILURE MECHANICS 
With the intention of validating the material models used in the finite element method of 
analysis, with regards to the response of plate structures in the elasto-plastic range of 
behaviour, results are presented for the square box-section struts analysed by Graves Smith 
[4]. The typical cross-section geometrical details for the box-sections are shown in Figure 
3.32. The sections have a length L, the width of the web and flanges are denoted by bw and bf 
respectively and both the web and flanges have the thickness of tw and tf as indicated. It is to 
be noted that the cross section dimensions bw and bf are the mid-surface dimensions. The Y 
and Z axes are acting at the section centroid with the Y axis parallel with the web edge of the 
section whilst the Z axis is parallel with the edge of the flanges as shown in Figure 3.32. In 
addition, the Z axis is located in the planes of geometrical symmetry of the cross-section. The 
positive direction of the longitudinal X axis is pointing out of the paper and acting along the 
member length.  
 
Figure 3.32: Geometrical details of box section 
The length of the box section struts is 15 in. and the thickness of the walls is 0.255, (i.e. t = tw 
= tf = 0.255 in). The struts are square in shape and thus the centreline width of the section is 
15 in, (i.e. a = bw = bf = 15 in). The material considered is steel with a Young‟s modulus of 
13,400 ton/in.
2
 and a Poisson‟s ratio of 0.3. Material model employed by Graves Smith [4] 
was based on the isotropic, elastic-perfectly plastic material model in conjunction with the 
Von Mises failure criterion. The yield stresses were considered in the range of 16.5 ton/in.
2
 to 
32 ton/in.
2
. In the case of the square box-section with constant thickness, at the point of 
buckling all of the constituent plate elements of the section will buckle simultaneously and 
thus the conditions at the section junctions of the box can be treated, essentially, as lines of 
simple support in the buckling and post-buckling analysis of such sections. Thus, the square 
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box-sections can be modelled as a simply supported plate under uniform compression and 
with the unloaded edges of the plate being stress free in-plane. 
Figure 3.33 shows the plate model used to represent the Graves Smith [4] sections whereby a 
number of 2500 CQUAD4 shell elements are used to discretise the plate representing one 
wall of the box-section strut model. The boundary conditions applied at the edges of the plate 
model are such that all nodes at all edges of the plate are not allowed to move in the direction 
which is normal to the mid-surface of the plate, and all nodes on one loaded end are not 
allowed to move axially whilst those at the opposite end are forced to move by the same 
amount and in an incremental manner. 
 
Figure 3.33: Boundary conditions for simply supported plate model representing one 
wall of box-section strut 
It is of note that in the theoretical work of Graves Smith [4] quarter models were considered 
in the analysis whereby the edges of the individual plate elements meeting at the section 
junctions were assumed stress free in the plane of the plates. For comparison purposes, 
double symmetry has been used in the finite element model with the same arrangement as 
that used in the theoretical work of Graves Smith [4] in which only one quarter of the box-
section need be analysed and this, of course, cuts down considerably the run time of the 
analysis using the full model without the expense of accuracy. The boundary conditions along 
the symmetry edges of the quarter model are as described and indicated in Figure 3.2(c). The 
strategies used in order to utilise the in-plane stress free boundary condition at the box-
section corners are the same as those detailed for the I-section struts, and are illustrated in 
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Figure 3.7. It is worth pointing out that both single plate and double symmetry simulation 
models for box-sections have been used in the present work and for comparison purposes and 
the results determined from both of the modelling strategies were found to be, essentially, 
identical as shown in Figure 3.34. In view of this and for the simplicity of its application, the 
behaviour of the box-section struts have been determined using the single plate modelling 
strategy.  
Figure 3.34 shows the load-end compression response of the box-section struts of Graves 
Smith [4] in the form of average applied stress ζavg plotted against the axial compressive 
strain ε = u/L. The box-section struts have been modelled as plate element, quarter-model 
using natural waviness boundaries and stress-free boundary conditions and it is evident that 
the responses among the modelling techniques used in the finite element method of analysis 
are similar. With comparison to those of Graves Smith [4], the finite element responses for all 
analyses are seen to be more accurate based on all of them have lower strain energy than 
those of Graves Smith and also due to the fact that the finite element model has a high degree 
of shape flexibility across the section and along the length of the struts and offers continuous 
change in local mode shape with load in the post-buckling range. 
 
Figure 3.34: Load-end compression response of box-section struts showing comparison 
between different types of modelling techniques 
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Figure 3.35: (a) Load-end compression and (b) load-deflection response of box-section 
struts showing comparison with those observed by Graves Smith [4] 
 
The load-end compression response of the box-section struts of Graves Smith [4] in the form 
of average applied stress ζavg plotted against the axial compressive strain ε = u/L is shown in 
Figure 3.35(a). The load-deflection response of the same box section struts is shown in Figure 
3.35(b). The results from the theoretical analysis procedure of Graves Smith [4] are 
represented by the full lined curves and those from the single plate finite element modelling 
strategy are the dotted curves. Both sets of curves demonstrate similar post-buckling trends 
however the finite element simulations produce more accurate predictions in terms of 
compressive stiffness, ultimate average applied stress ζavg and post-ultimate unloading 
behaviour. In the theoretical analysis procedure of Graves Smith [4], the locally deflected 
form was assumed constant and this results in constant elastic post-buckling stiffness as 
illustrated by the straight line in Figure 3.35(a). In the finite element analysis procedure, the 
elastic post-buckled stiffness is changing constantly from the beginning of local buckling due 
to continuous change in local form with load, and thus the appropriate loss in section stiffness 
due to geometric nonlinearity is duly accounted for in the simulation. Comparison between 
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the two methods of analysis with particular reference to the lowest yield stress level of 16.5 
ton/in.
2
 is seen to be reasonably good due to, perhaps, the fact that in the initial post-buckling 
range the local mode shapes of both methods are not much different. But still, the theoretical 
model of Graves Smith [4] is stiffer and thus as the local forms of the finite element 
simulations change with load at higher yield stress levels, the finite element simulations give 
more accurate predictions of ultimate conditions.  
The behaviour of the box-section struts giving due consideration to both geometrical and 
material nonlinearity is illustrated in Figure 3.36. The effects of the local geometric 
imperfections can be determined using the nonlinear static solution sequence of the finite 
elements software. But first, the imperfect finite element model of the box-section struts is 
obtained by generating the initial locally buckled mode shape in the linear buckling solution 
and mapping this local mode form onto the finite element nodal grid system of the box struts 
and then setting the maximum amplitude of the mode to the required imperfection level to be 
analysed. The behaviour of the geometrically perfect box-sections is represented by the full 
lined curves and those responses of the geometrically imperfect struts are represented by the 
dotted lines. Both sets of curves have been determined using finite element simulations. The 
maximum imperfection magnitudes applied to the box-section struts are in the order of wo = 
0.2t and 0.4t, with yield stress levels of ζY = 16.5 and 32 ton/in.
2
 as indicated in Figure 3.36. 
The effects of geometrical imperfections for the case of lower yield stress section is seen to 
be significant whereby the ultimate failure loads are to be reduced by 15.02% and 21.62% for 
the imperfection magnitude of wo = 0.2t and 0.4t, respectively. For the high yield stress 
section, ζY = 32 ton/in.2, the ultimate loads are reduced by 3.56% and by 6.24% for wo = 0.2t 
and 0.4t, respectively. Once again, for the case of strut design with near simultaneous local 
buckling and yielding it is evident that the sections are sensitive to geometrical imperfections 
and experience reductions in failure loads of the order of 15–20% for moderate levels of 
imperfection magnitude in this region. 
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Figure 3.36: (a) Load-end compression and (b) load-deflection response of box-section 
struts showing the influence of geometrical imperfections 
With the intention of examining the growth and variation of the von Mises stresses with load 
from elastic conditions to ultimate condition, Figure 3.37 show the load locations on the 
equilibrium curve of the section with material yield stress level of ζY = 28 tons/in.2 and 
corresponding to von Mises stresses depicted in Figure 3.38. The initiation and propagation 
of plastic yielding with load for the box-sections can be visualized and the most probable 
mechanism of failure at plastic collapse can be determined. The von Mises stresses depicted 
in Figure 3.38 are for a plate element representing one wall of the cross-section whereby 
surface 1 is the concave side of the locally buckled wall and surface 2 is the convex side of 
the buckle. It should be noted that for the full section of a box, a locally buckled box-section 
will have two opposite walls that are concave while the others are convex and thus a box will 
have von Mises stress distributions on two opposite walls with surface 1 being the outside 
surface, and the other two walls having the same distributions with surface 1 being the inside 
surface of the box. It is worth pointing out that these results have been reported by Loughlan 
& Yidris [127]. At the time of the work three surfaces were considered and the von Mises 
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stresses on the middle surfaces were calculated as the average between the two outer 
surfaces. For the present study, the work has been reconsidered using 5 numbers of surfaces 
and the von Mises stresses were obtained directly from the analysis. 
 
Figure 3.37: Load-end compression response of box-section struts showing load 
locations for monitoring the growth of von Mises stresses 
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Point 1 2 3 4 
Surface 1 
    
 27 tons/in
2 
28 tons/in
2
 28 tons/in
2
 28 tons/in
2
 
Middle 
surface 
    
 20 tons/in
2
 22 tons/in
2
 27 tons/in
2
 28 tons/in
2
 
Surface 2 
    
 25 tons/in
2
 28 tons/in
2
 28 tons/in
2
 28 tons/in
2
 
Figure 3.38: Growth of von Mises stresses with load for box-section strut 
At load location 1 in Figure 3.37, it is clear from Figure 3.38 that at surface 2 and the middle 
surface the von Mises stresses are seen to be everywhere elastic and that yielding has almost 
been reached on surface 1 in the central region of the surface at the buckle crest. At load 
location 2, a significant yielding occurs on surface 1 in a cross diagonal pattern from each 
corner of the wall. It can be seen that the propagation of yielding starts in the corner regions 
of the wall at the section ends on surface 2, and the von Mises stresses are still elastic on the 
middle surface, with both these surfaces having, essentially, a central elastic core region at 
load location 2. At load locations 3 and 4, it is evident that complete surface yielding has 
almost been reached on surface 1, and it can be seen at load location 3 that the propagation of 
von Mises yielding through all surfaces has almost been attained at the centre of the unloaded 
edges or section junctions between the individual plate elements of the section. At load 
location 4 which represents the ultimate failure collapse of the box-section struts, it is evident 
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that complete yielding through all surfaces has been reached at the centre regions of the 
section junctions. It is worth noting that zero post-buckled tangent compressional stiffness 
S*/S, i.e. ultimate conditions, is closely associated with yielding on the middle surface at the 
central regions of the section junctions and that subsequent plastic unloading of the box-
section strut ensues, and this is illustrated in the load-end compression response of Figure 
3.37. 
Figure 3.39 shows the variation in the tangent post-buckled compressional stiffness ratio S*/S 
with applied load for the box-section struts with material yield stress levels of ζY = 28 and 32 
tons/in.
2
. The numbers in Figure 3.39 correspond to the load locations in Figure 3.37 and 
Figure 3.38. As a result of out-of-plane buckle, the section loses some of its compressional 
stiffness and this is seen in Figure 3.39 whereby at the point of buckling, the ratio of post-
buckled to pre-buckled compressional stiffness, S*/S, is approximately 0.408. As loading 
progresses, the change in post-buckled shape with load results in further reduction of the ratio 
to about 0.363 when P/Pcr = 1.35. For comparative purposes the elastic S
*/S curves of Graves 
Smith [4] and Ovesy [7] are shown. If the section maintained its post-buckled shape 
throughout the loading process then the elastic post-buckled stiffness would remain constant 
at S*/S = 0.408, as illustrated by the curve from the work of Graves Smith [4]. Thus at P/Pcr = 
2.55, the changes in local mode shape are noted to have reduced the elastic post-buckled 
stiffness by something of the order of 11%. With regard to the curve from the finite strip 
formulation of Ovesy [7], although it allowed for local form change, the finite element 
simulation with greater flexibility of the local form is seen to represent a more accurate result 
of the post-buckled stiffness. Of particular interest is the characteristic form of the S*/S curves 
for the two yield stress levels considered. It can be seen that the loss in tangent stiffness from 
the onset of yielding to ultimate conditions is in three distinct stages.  
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Figure 3.39: Variation in post-buckled compressional stiffness for box-section struts 
At point 1 in Figure 3.39, where the first von Mises yielding is initiated as discussed and 
detailed in the stress plots of Figure 3.38, the tangent compressional stiffness is S*/S = 0.393. 
At point 2, the post-buckled stiffness is 0.234 and this fairly rapid drop from point 1 is, 
perhaps, due to surface yielding which has propagated almost everywhere on surface 1 and 
starts to take place in particular in the corner regions at the box-section ends at the junctions 
between the individual plate elements of the section on surface 2. From point 2 to 3, the post-
buckled stiffness essentially recovers, with only a slight drop in stiffness to S*/S = 0.22 at 
point 3 and this is, perhaps, due to an elastic core which exists at the junctions at the mid-
height of the box-section strut.  During this stage of behaviour, the elastic core slowly 
progresses from the elastic to the elasto-plastic phase of behaviour in which yielding from the 
section ends propagates towards the central region in the vicinity of section junctions along 
the strut length on surface 2. At point 3, it is of note that complete yielding through the 
thickness has almost been reached at the central regions in the vicinity of the section 
junctions, and with further slight increase in load the tangent compressional stiffness of the 
section drops fairly quickly to zero at point 4. Point 4 represents the ultimate conditions of 
the box-section strut whereby it is evident that the growth of complete von Mises yielding 
through all surfaces at the central regions of the section junctions is more prominent. 
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3.6 CONCLUDING REMARKS 
This chapter has considered the conditions established at the junctions between the 
constituent flange and web plates of the cross-section along the length of the strut. In the case 
of the in-plane stress free boundary condition, the in-plane and out-of-plane deflections at the 
section junctions have been assumed to be uncoupled and this clearly violates the 
compatibility consideration at the section junctions. Nevertheless this simplification has been 
commonly used by a great many researchers in the past as an aid to simplify their analytical 
or numerical procedures in the analysis of thin-walled sections. In this chapter, it has been 
shown that the approach represents fairly valid approximations to the behaviour of sections 
using the natural waviness boundary condition at up to about twice the critical local buckling 
load of the section. 
Also, it has been shown in this chapter that at the point of local buckling the tangent 
compressional stiffnesses of the I-, plain channel and box-section struts are considerably 
reduced with subsequent continuous reduction occurring steadily under elastic conditions as a 
result of local form change with increased load. The capability of the finite element 
simulations to account for local form change during loading is due to sufficient flexibility in 
the finite element models through the application of suitable convergence studies. 
Complete loading history from the beginning of the applied loading to the elastic and elasto-
plastic phase and to ultimate plastic collapse with subsequent unloading phase of behaviour 
can readily be determined from the finite element analysis procedures detailed in this chapter. 
The visualization of growth and redistribution of stresses after local buckling, as well as the 
initiation of yielding and yield propagation throughout loading, can readily be monitored and 
the influence of geometric nonlinearity in conjunction with material nonlinearity has been 
noted as having a significant effect on post-buckled compressional stiffness. Of particular 
importance in this chapter is the fact that the ultimate failure of the sections has been shown 
to be closely associated with complete yielding through the section thickness at the section 
junctions all along the length of the struts. 
It has been shown, with particular reference to the conditions of near simultaneous buckling 
and yielding, that the performance of the struts is most affected by the presence of local 
imperfections with an ultimate load reduction of the order of 13% for the I- and plain channel 
section considered and of the order of 22% for the box-section considered when associated 
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with a maximum imperfection magnitude of 0.4t. It is worth pointing out that the work in this 
chapter has resulted in publication of two refereed conference papers, Loughlan et al. [121] 
and Loughlan & Yidris [122] and one journal paper, Loughlan et al. [127].
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Chapter 4  
 
THE INTERACTIVE BEHAVIOUR OF FIXED-ENDED THIN-
WALLED COMPRESSION MEMBERS 
 
4.1 INTRODUCTION 
The occurrence of overall instability for longer length thin-walled compression members can 
be accompanied by the presence of local buckles along the member length. Longer columns 
will experience a reduction in their global elastic Euler buckling loads as a result of the 
weakening effects of local buckling and the influence of geometrical imperfections, and that 
of material nonlinearity will, of course, further reduce the ultimate carrying capability of the 
column members. In this chapter, the finite element techniques and solution strategies 
developed for short struts in the previous chapter have been applied to longer length 
compression members for the determination of the post-buckled performance associated with 
coupled mode buckling interaction and post-buckling interaction behaviour. The nonlinear 
static solution sequence has been employed to examine the post-buckling behaviour of the 
columns giving due consideration to the influence of geometric imperfections and to elasto-
plastic material behaviour using the simplified elastic-perfectly plastic stress-strain material 
model. There are a number of factors governing the local-overall interactive response of thin-
walled compression members and possibly the cross-sectional shape, double or single 
symmetry, and column end conditions, pinned or fixed could be the most important. The 
interactive post-buckling response of the I-section and plain channel columns representing 
the double and single symmetry cross-section respectively is that of local buckling and 
overall column bending for the case of uniform compression. This chapter highlights the 
influence of overall column bending on the post-local buckling mechanics of the longer 
length compression members, and some results emphasize the interactive post-buckling 
response of the columns and the imperfection sensitivity of column designs which lie close to 
the simultaneous local and Euler buckling design. The findings for each thin-walled section 
compression members are discussed in great detail in sections 4.2 and 4.3. 
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4.2 I-SECTION COLUMNS COMPRESSIVE RESPONSE 
The description of the geometrical details for the I-sections has been explained in section 3.3 
and the cross-section is shown again in Figure 4.1 for the purpose of convenience. The 
findings are presented for a typical doubly-symmetric I-section column with bf/bw shape 
factor equal to 0.5. The columns have length, L, of 700 mm, 1700 mm and 1900 mm, the 
width of the web, bw, is 100 mm and the thickness is 1.5 mm for both the flanges and the web. 
The length of the columns has been chosen in an attempt to investigate imperfection 
sensitivity in column designs which lie in close proximity to the simultaneous local and Euler 
buckling design. 
 
Figure 4.1: Geometry of the doubly-symmetric I-section column 
 
4.2.1 KINEMATIC BOUNDARY CONDITIONS 
Figure 4.2 and Figure 4.3 describes the boundary conditions imposed on the I-section 
columns. The top edges of the columns are loaded in an incremental manner by a uniform 
compressional end displacement, u, and the bottom edges are constrained from moving in the 
longitudinal X-direction as shown in Figure 4.2 and Figure 4.3.  
There are two different types of boundary condition to be studied at the ends of the I-section 
columns. The first is such that the end of individual flat plate component of the sections is 
simply supported and thus all nodes at the section ends are constrained in the direction which 
is normal to the mid-surface of each one of the flat plate components as shown in Figure 4.2. 
This end boundary condition is termed locally rotationally free. The second is such that the 
local out-of-plane rotations of the constituent flange and web plates of the cross-section ends 
are constrained from rotating. The local out-of-plane displacements are also constrained from 
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moving. This is shown in Figure 4.3. This second type of end boundary condition is termed 
locally rotationally constrained. The former boundary condition has been used by many 
researchers in the past [84, 85] to replicate the tests in which a uniform compression is 
applied at the ends of the test columns. It is of note that the free out-of-plane rotation at plate 
ends is only applicable for thin flat plate components. The latter type of end boundary 
condition imitates a condition of those columns uniformly compressed with both ends being 
encased in a solid support [102] or for thick plate structures. 
 
Figure 4.2: Uniform compression with free out-of-plane rotation at plate ends 
 
Figure 4.3: Uniform compression with restrained out-of-plane rotation at plate ends 
92 
 
The condition established at the junctions where plates meet at an angle could be important as 
compatibility between the nodes of the web and flanges must be maintained. The in-plane 
stress-free boundary condition, discussed in Chapter 3, has been considered adequate when 
dealing with short struts where the junctions do not move substantially. It has been shown in 
Chapter 3 that the response of the in-plane stress-free edge boundary condition at the section 
junctions bears a close similarity to the behaviour of the natural waviness boundary 
condition, but in the case of longer length structural members it is noticeably unacceptable to 
use this kind of approximation. Thus the natural waviness of the junctions detailed in section 
3.2.1 has been used in the study of longer length compression members.  
 
4.2.2 THE USE OF STRUCTURAL SYMMETRY 
In view of the fact that the geometrical shape of I-section columns is symmetrical about the 
Y- and Z-plane, as indicated in Figure 4.1, there is no need to model the entire I-cross-
section. The advantages of using symmetry modelling have been discussed in section 3.2.1. 
Since the locally buckled mode shape is symmetric about the Z-plane and anti-symmetric 
about the Y-plane, the Z-plane is preferred as the plane of symmetry and thus the centre of 
the web along the member length is taken as the line of symmetry of the section. The 
constraints imposed along this symmetry edge are rotational about the X- and Z-axis and 
translational in-plane in the Y direction.  
For longer length structural members, there is a possibility for the member to have either an 
odd or an even number of local buckle half-wavelength in the lowest eigenmode. The amount 
of local buckles along the column length determines the local buckled form at the central 
cross-section of the column. An odd number and an even number of the buckle half-
wavelength along the column length has the shape of the local buckle crest and the local 
buckle node at the central cross-section of the column, respectively, as shown in Figure 4.4. 
This information can be used to model the column as a finite element quarter- or half-model. 
As the interaction of local and overall buckling modes in the post-buckling range is likely to 
occur for long columns, the finite element quarter-model employed in the post-buckling 
analysis is rather more effective than the half- and full-model in reducing the run time and 
storage capacity significantly.  
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It is worth pointing out that although the full- and half-model are exactly the same, they are 
not practically the same as the quarter-model. In the case of the quarter-model, the 
application of loading is symmetrical where the model replicates a column with both ends 
being compressed and moving by the same amount. While for the case of the full- and half-
models, the loading is applied at one end but the other end is fixed and not moving. These 
conditions would have an effect at the centre cross-section of the column whereby the cross-
sections of the full- and half-models are moving towards the fixed end, but not with the 
quarter-model. 
 
Figure 4.4: (a) Local buckled crest; (b) Local buckled node 
When considering the column quarter models having local buckles crest existing at the 
column centre, all nodes at the column central cross-section are constrained from movement 
in the X-direction, with the flange nodes and the web nodes prevented from rotation about the 
Y- and Z-axis respectively. For the local buckles crest, the out-of-plane rotations are zero and 
this is reflected in the modelling process by constraining the flange nodes from rotation about 
the Z-axis and the web nodes from rotation about the Y-axis. The validation analyses and the 
results using the full-, half- and quarter-model finite element are shown in Figure 4.5 and 
Figure 4.6. 
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Figure 4.5: Comparison between finite element quarter-model, half-model and full-
model for local buckle crest at central column cross-section 
All the lines represent results obtained from the quarter-model. The round markers indicate 
the full-model and the cross markers correspond to the response from the half-model finite 
element. The cross sectional details are as indicated in the figure, with bf/bw = 0.5, tf/tw = 1.0, 
tf/bw = 0.015, L/bw = 17 and for bw = 100 mm. The material considered is steel with a Young‟s 
modulus E = 207,000 N/mm
2
 and Poisson‟s ratio ν = 0.3. The validation analyses have been 
performed using perfect and imperfect structural geometries with elastic and elastic-perfectly 
plastic material models. These conditions are important in order to show that the strategies 
used at the symmetry boundaries are capable of simulating the equivalent behaviour of those 
using the finite element full-model from the beginning of elastic local buckling through the 
nonlinear elastic and elasto-plastic post-buckling phase of behaviour to final collapse and 
unloading. All responses from different finite element models show an excellent relationship. 
Figure 4.6 shows the movement of the central column cross-sections for all models at the 
ultimate load (i.e. at location D as indicated in Figure 4.5) during the elastic post-buckling 
analysis of perfect columns. 
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Figure 4.6: Location of central column cross-section of finite element quarter-model, 
half-model and full-model 
Only half cross-section (OABC) is shown since the half- and quarter-models simply cover 
half of the section. The Z and Y axes are located in the planes of geometrical symmetry of the 
cross-section and acting at the section centroid. The Y axis coincides with the web midline 
whilst the Z axis is parallel with the edge of the flanges as shown in Figure 4.6. The 
displacements from different finite element models show excellent similarity. The advantages 
of using symmetry boundary conditions are shown in Table 4-1. 
Table 4-1: Advantages of using structural symmetry 
 Full-model Half-model Quarter-model 
Eigenvalue 
No. of elements 
Analysis run time (minutes) 
Storage (MB) 
1.6605 
36,856 
595.36 
1,114.99 
1.6605 
18,712 
270.77 
566.77 
1.66044 
9,340 
21.10 
283.03 
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The numbers in the table were obtained from the elastic post-buckling analysis of perfect 
columns. From Table 4-1, the storage capacity and the number of elements of the finite 
element full-model have been reduced to a roughly half amount for the half-model and 
approximately to a quarter amount for the quarter-model. The eigenvalue obtained from the 
linear buckling analysis shows an excellent match. The saving in the analysis run time was 
significant when using the finite element quarter model, with the time being 28 times less 
than the full-model. 
For the local buckle node, the boundary condition is such that the web and flange edges are 
not allowed to move in the X-direction and restrained from rotation about the X-axis. In 
addition, the nodes along the web are enforced to move by the same amount as the junction 
node in the Z-direction and the nodes along the flange are not allowed to move in the Y 
direction. In PATRAN/NASTRAN, to make the nodes along the web move by the same 
amount during the analysis, multipoint constraint (MPC) type explicit is created where the 
movement in the UZ degree-of-freedom of the dependent node (the node located on the web) 
equals the movement in the UZ degree-of-freedom of the independent node which is the 
junction node. The modelling strategies imposed on the central cross-section of the column 
are only valid for the post-buckling analysis up to a point close to the local buckling of the 
column as shown in Figure 4.7. From the onset of local buckling, the responses of the 
quarter-model diverge from those of the half- and full-model. This is due to the restraint 
imposed at the central column cross-section. 
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Figure 4.7: Comparison between the finite element quarter-model, half-model and full-
model for local buckle node at central column cross-section 
The line represents the results obtained from the quarter-model, the round markers indicate 
the full-model and the cross markers correspond to the response from the half-model finite 
element. The cross sectional details are as indicated in the figure and the material considered 
is steel with a yield stress of 550 N/mm
2, Young‟s modulus E = 207,000 N/mm2 and 
Poisson‟s ratio ν = 0.3. For the analysis using the finite element full-model, apart from 
mapping the lowest eigenmode shape with very small magnitude (i.e. wo = 0.001) the central 
column cross-section has to be moved by a small amount (i.e. wo = 0.1 mm) in the Z-
direction for the analysis to activate the start of the overall buckling movement. Whereas for 
the analysis using the finite element half-model, the mapping of the lowest eigenmode shape 
is enough to trigger the overall movement. The validation analyses have been performed 
using perfect structural geometries with elastic-perfectly plastic material models. The 
responses of the full-model and the half-model show a good relationship but those from the 
finite element quarter-model show dissimilar correlation. Figure 4.8 shows the movement of 
the central column sections for all models at location D as indicated in Figure 4.7 during the 
elastic-perfectly plastic post-buckling analysis of perfect columns. 
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Figure 4.8: Location of central column cross-section of finite element quarter-model, 
half-model and full-model 
Figure 4.8 shows the half-section (OABC) of the central column cross-section since the half- 
and quarter-model simply cover half of the section. The Z and Y axes are located in the 
planes of geometrical symmetry of the cross-section and acting at the section centroid. The Y 
axis coincides with the web midline whilst the Z axis is parallel with the edge of the flanges 
as shown in Figure 4.8. The displacements from different finite element models show 
dissimilar movement. For the full-model and the half-model, the differences are due to the 
approach used to trigger the overall movement of the central column section during post-
buckling analysis. Nevertheless, the load-deflection curve for the full- and half-model shows 
very good agreement as indicated in Figure 4.7. During the unloading phase, it seems from 
Figure 4.8 that the web and the flanges of the half- and full-model deflect and could not 
maintain the wall straightness as it was presumed for the local buckle node cases. As a result, 
the half-model should be used in the post-buckling analysis if the lowest buckling eigenmode 
has the local buckle node shape at the central column section. 
99 
 
Initially, the finite element half-model is employed in the linear buckling analysis to 
determine the number of buckle half-wavelengths along the column. Having known the 
central cross-sectional shape of the column, the finite element quarter- or half-model can be 
used in the post-buckling analysis by imposing the corresponding boundary condition at the 
symmetry section of the central column. The finite element quarter-model has been used 
throughout the post-buckling analyses for computational efficiency. 
 
4.2.3 LINEAR BUCKLING ANALYSIS 
Linear buckling analysis has been performed within NASTRAN using the solution procedure 
SOL 105 in the initial stage of post-buckling analysis to investigate the buckled mode shapes 
along the length of the columns. SOL 105 can produce the requested eigenvalues and the 
corresponding locally buckled mode shape of the perfect cross-section in which the local 
mode shape is purely a profile without real displacement values and the corresponding 
displacement contour is scaled to a maximum value of one. In particular interest is the shape 
at the central cross-section of the column whether it is buckled crest or buckled node. The 
locally buckled mode shapes can be used in modelling the imperfect column. Figure 4.9 and 
Figure 4.10 show the Euler curves and the whole range of column length illustrating the 
lowest buckled mode shapes of the columns being uniformly compressed (i.e. globally fixed-
ends). These figures have been used in order to determine the appropriate column length for 
examination. The lengths of the figures of the columns are not to scale and only meant for 
illustration. They show the development of the local buckle half-wavelength for a range of 
column lengths up to the column having slenderness ratio, l/r of 200. The middle line in each 
column is the web line in which the number of local buckles can be determined.  
Figure 4.9 shows the lowest buckling mode shapes for columns uniformly compressed and 
free out-of-plane rotation at the individual plate ends. Columns with l/r less than 20 are called 
stub columns or struts, columns of l/r ranging from about 20 to 50 are termed short columns, 
columns of l/r from 60 to 70 are medium length column, and those columns with l/r more 
than 70 are considered as long columns [4]. As the column lengths are getting longer the 
number of local buckles half-wavelength along the column increases. For example, the 
column of 300 mm in length has three local buckles and for the length of 1000 mm the 
column has ten local buckles. As previously mentioned in section 4.2.2 the number of local 
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buckles determines the shape at the central column section.  Interestingly, the amplitudes of 
the local buckles along the length of the columns seem to modulate for all columns and it was 
observed that amplitudes are heavier towards the ends (i.e. maximum amplitudes near the 
ends). However, the amplitude modulations of the local buckles are less severe for columns 
having l/r less than 50. In addition, as the columns are near to the fixed-end Euler curve, the 
lowest eigenmode tends to have a combination of local and overall (flexural) mode shapes.  
 
Figure 4.9: Lowest buckling mode shapes of uniform compression with locally 
rotationally free at plate ends 
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Figure 4.10: Lowest buckling mode shapes of uniform compression with locally 
rotationally constrained at plate ends 
Figure 4.10 shows the lowest buckling mode shapes for columns uniformly compressed and 
restrained out-of-plane rotation at the individual plate ends. The number of local buckles half-
wavelength depends on the column length. There is obviously amplitude modulation for the 
case of locally fixed columns because of the restraint imposed on the out-of-plane rotation at 
each individual plate end. There is also a mixed mode of buckling between local and overall 
in the near vicinity of the simultaneous local and fixed-ends Euler buckling point.  
It is interesting to note that for the column length, whose lowest eigenmode is local buckle 
node at the column mid-height, the second lowest eigenmode has local buckle crest at the 
column mid-height and the difference between these is small as shown in Table 4-2.  
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Table 4-2: Eigenvalue difference between buckle node and buckle crest 
I-section column 
length, mm 
Eigenvalue 
Difference (%) 
Local buckle node Local buckle crest 
700 0.69484 0.69499 0.0215 
1700 1.6705 1.6706 0.0059 
1900 1.8664 1.8665 0.0053 
Table 4-3: Failure load difference between buckle node and buckle crest 
I-section column 
length, mm 
Failure load, kN 
Difference (%) 
Local buckle node Local buckle crest 
700 100.8 100.1 0.694 
1700 79.19 80.75 1.969 
1900 68.77 68.56 0.305 
It seems that for longer length columns they have virtually two concurrent eigenmode shapes, 
the local buckle node and the local buckle crest. Examination on the effects of using either 
local buckle node or local buckle crest as the imperfection mode has been conducted and it 
was found that either one of them gives similar response up to the point near to the failure 
load. The lowest eigenmode, local buckle node for this case, produces a slightly different 
failure load than the second lowest eigenmode, local buckle crest, as shown in Table 4-3. 
Although, the eigenmode which produces the lowest response should be used as the mode 
shape for the column as pointed out by Graves Smith [4], for simplicity with a little expense 
of accuracy, consequently, the eigenmode shape of the local buckle crest has been used to 
study the behaviour of the I-section columns allowing the use of the finite element quarter-
model. 
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4.2.4 GEOMETRICAL IMPERFECTIONS 
As mentioned earlier in section 3.2.6, the influence of geometric imperfection can be 
considered in the finite element modelling process by mapping the locally buckled mode 
shape on to the nodal grid system of the finite element model to form the imperfect column. 
For longer length compression members where there is a possibility of overall instability, 
either the locally buckled or the flexure mode shape can be used to form the imperfect 
column. The flexure mode shape can be obtained by increasing the thickness of the column 
and then running the linear buckling analysis. The thickness should be changed back to its 
original thickness when performing the post-buckling analysis. In addition, the effects of the 
mix of two fundamentally different eigenmode shapes (i.e. local with overall) can be 
investigated by mapping the mode shapes on top of each other. The magnitude of the 
imperfection is applied by setting the maximum amplitude of the buckled mode shapes to a 
specific value. This process allows the examination of the effects of local, overall and 
combined geometric imperfections in a fairly simple approach. Nevertheless, the results from 
the combination of the local and overall mode shape were included in this work merely for 
comparative purposes since the lowest eigenmode of the columns under consideration already 
has a combination of both fundamental eigenmodes. 
 
4.2.5 LOAD CASES AND SOLUTION SEQUENCE 
The post-buckling behaviour of the columns is quite complicated as it involves geometric and 
material nonlinearity as well as interaction between local and overall buckling. For that 
reason, the load cases were devised for each individual analysis and attention has been given 
to the responses of the compressed columns. The responses are analysed and changes must be 
made to the load cases at a point where there are irregular responses in the behaviour. The 
load cases must be made small at the vicinity of the critical point (i.e. sudden change) and at 
the ultimate load. In PATRAN/NASTRAN, the rerun analysis can be done using the restart 
procedure where the analysis is performed at the point of the change and not started from the 
beginning. 
Solution sequence SOL 600 has the capability of analysing highly nonlinear problems and 
has been chosen in the case of long columns. By default, SOL 600 uses full Newton-Raphson 
as the iterative procedure, bilinear thick-shell element type 75 to formulate the finite element 
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models and adaptive load incrementation. The full Newton-Raphson method has been 
described in Chapter 2.  
Element 75 has four connecting nodes and is elastically connected to six degrees-of-freedom 
at each of its nodes.  Each element has four integration points (i.e. Gauss points) and eleven 
equally spaced layers through its thickness (i.e. section points). The number of layers 
requested by SOL 600 is five for simple plasticity and can be changed to eleven for complex 
plasticity. It is readily able to account for the interaction of the local bending and membrane 
stretching of the section walls which takes place during the post-buckling process. 
The adaptive load incrementation method is practical as it allows SOL 600 to work out the 
appropriate load increment size automatically. The automatic control method is based upon 
the number of iterations required to achieve convergence. The load increment size is changed 
(i.e. reduced or increased) if the solution requires more or less iterations than the target value 
specified by the user to obtain equilibrium. By default, the desired number of iterations is ten. 
Hence, in the remainder of this work, the finite element simulations use the strategies and 
procedures described in this chapter without further mention. 
 
4.2.6 FINDINGS FROM SIMULATION AND DISCUSSION 
The column lengths of 700 mm, 1700 mm and 1900 mm with corresponding slenderness ratio 
of 68, 165 and 185 respectively have been chosen to represent short and long columns. From 
linear buckling analyses of Figure 4.9, members simply supported at the constituent plate 
ends display buckle crest at their central column cross-sections, and for the case of those with 
restrained out-of-plane rotation at the constituent plate ends, their central cross-sections 
exhibit buckle node in the first eigenmodes. As mentioned in section 4.2.3, the eigenmode 
shape of the local buckle crest has been used in the simulations for the reason that it gives 
comparatively similar equilibrium response.  Accordingly, the quarter-model finite element 
with corresponding symmetry boundary conditions can be used for all columns. All columns 
are uniformly compressed and the cross-sectional details are as indicated in the figures, with 
bf/bw = 0.5, tf/tw = 1.0, tf/bw = 0.015, and for bw = 100 mm. The material considered is steel 
with a Young‟s modulus E = 207,000 N/mm2 and Poisson‟s ratio ν = 0.3. 
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I-section columns of length 700 mm 
The non-dimensional load-deflection interactive response of the I-section columns of length 
700 mm corresponding to free out-of-plane rotation locally is shown in Figure 4.11. The ratio 
of local to Euler buckling load is PL/PE = 0.1162 and thus local buckling is first initiated 
during post-buckling analysis.  
 
Figure 4.11: Local-overall interaction behaviour of uniform compression with locally 
rotationally free at plate ends (PL/PE = 0.1162) 
In Figure 4.11, the full lined curves represent the geometrically perfect section, wo = 0, and 
the dotted curves are a symbol of those with a local imperfection magnitude of wo = 0.6tw. It 
is clear that the I-section perfect column has a stable post-local elastic interactive response. 
The perfect column ends with overall deflection at a reduced Euler load in the order of 
0.36PE as a result of interaction between the local and overall mode of buckling. It is noted 
that for yield stress level of ζY = 550 N/mm
2
 of a perfect column the ultimate load is seen to 
be in the order of 0.19PE and immediate unloading takes place at δC/tw just in excess of 0.13. 
It can be seen also that for the perfect case the column is essentially straight from the 
beginning of loading and through the point of local buckling, but gradually begins to deflect 
at P/PE just beyond 0.13. The column deflection which occurs not long after the local 
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buckling point is most probably due to the change in the symmetric state of effective cross-
section in which the doubly-symmetric effective I-cross-section transforms into the singly-
symmetric I-cross-section. The change in the symmetric state of the effective cross-section is 
perhaps caused by unequal movement of the free edges of flanges as buckling develops and is 
shown in Figure 4.12.  
 
Figure 4.12: Effective cross-section 
To investigate further, the movement of two nodes on the free edges of the flanges located at 
column mid-height was monitored and found to be unequal at load level in which the central 
cross-section has moved at about δC/tw = 0.01. Even though the column length is short and 
away from the fixed-ended Euler curve and the first eigenmode shape used to produce the 
initiation of local buckling was seen to have only local mode shape, as loading and growth of 
buckling progresses the doubly-symmetric I-section member begins to behave like the singly-
symmetric section as a result of the change in the symmetric state of effective cross-section. 
It is noticeable from Figure 4.11 that for the case of imperfect columns of magnitude of wo = 
0.6tw and in relation to different levels of the material yield stress ζY, the central columns 
seem to be straight, but in fact by close examination of the plots the columns begin to deflect 
by a very small amount from the start of the applied loading, and immediate unloading 
accompanied by big deflection takes place just after reaching the failure. For the 
geometrically imperfect column, the ultimate loads of 0.185, 0.133 and 0.103PE are seen to 
occur respectively, in relation to the yield stress levels of 550, 350 and 250 N/mm
2
. It is also 
noteworthy that in the case of near simultaneous local buckling and yielding of the perfect 
section, the ultimate load of the imperfect column is noted to be some 10.68% lower than its 
elastic local buckling load PL. 
In order to visualise the spread of plastic yielding with load and to determine the possible 
mechanism of ultimate plastic failure, there is a need to investigate the deformation shapes 
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and the development of von Mises stresses during loading as shown in Figure 4.13. All 
deformed images are in full length and the views are seen from the plane perpendicular to the 
plane of the web such that the free edge surfaces of the flanges are visible. The von Mises 
stresses depicted are in isometric views and taken without further modification from the 
nonlinear finite element analyses using the corresponding models (i.e. full-, half-, quarter-
models). All images are at a magnification of 3 times in order to visualize the movement of 
each wall. The numbers shown in Figure 4.11 indicate the load locations at which the 
deformation shapes and the von Mises stresses are illustrated in Figure 4.13. The surface 
definition for outer surfaces 1 and 2 was described in Figure 3.25. Hence, in the remainder of 
this work, the deformed and stress states of the plate structures shown will be as described 
without further mention.  
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Figure 4.13: Deformation images (a) and growth of von Mises stresses with load (b - 
outer surface 1, c - middle surface, d - outer surface 2) of Figure 4.11 
(a) (b) (c) (d) 
(a) (b) (c) (d) (a) (b) (c) (d) 
(a) (b) (c) (d) 
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At load point location 1, the von Mises stresses are noted to be everywhere less than the 
material yield stress level of ζY = 550 N/mm
2
 and the maximum stress is seen to be 360 
N/mm
2
 occurred on outer surface 1 and outer surface 2. At load level 2, von Mises yielding 
has occurred in the vicinity of the meeting point between the section junctions and the nodal 
planes on both outer surfaces. As the load attains the failure point at load level 3, it can be 
seen that yield propagation has passed through the middle surface along the section junction 
throughout the length. Also, von Mises yielding has spread into all areas in the compression 
sides of outer surfaces 1 and 2. At this point the column has reached its ultimate plastic 
failure and cannot hold any more loads. After this point the column starts to unload and this is 
accompanied by a large deflection of the central section. At load level 4, it is evident that 
yield propagation has become concentrated in the central region. From the deformation 
images it is clear that the column became symmetrically deformed at the plane of the column 
mid-height. 
The non-dimensional load-deflection interactive response of the same I-section columns of 
length 700 mm corresponding to constrained out-of-plane rotation locally is shown in Figure 
4.14. The ratio of local to Euler buckling load is PL/PE = 0.1183 and thus local buckling is 
first initiated during post-buckling analysis.  
In Figure 4.14, that the perfect column has a comparatively similar stable post-local elastic 
interactive response as those with locally rotationally freedom is clear. The reduced Euler 
load of a perfect column is in the order of 0.36PE and that the ultimate load for yield stress 
level of ζY = 550 N/mm
2
 is seen to be 0.19PE with immediate unloading taking place just 
after reaching the ultimate states. In the perfect case, the central column is essentially straight 
from the beginning of loading through the point of local buckling but starts to deflect at P/PE 
just above 0.14. It is noticeable from Figure 4.14 that for the case of imperfect columns of 
magnitude of wo = 0.6tw and corresponding to different levels of the material yield stress ζY, 
upon close examination the central columns move in by a very small amount from the onset 
of initial compression but begin to have a big deflection once they attain the ultimate 
conditions. The ultimate loads of 0.185, 0.133 and 0.104PE are seen to occur, respectively, in 
relation to the yield stress levels of 550, 350 and 250 N/mm
2
. It is also noteworthy that in the 
case of near simultaneous local buckling and yielding of the perfect section, the ultimate load 
of the imperfect column is noted to be some 12% lower than its elastic local buckling load PL. 
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Figure 4.15 shows the corresponding deformed states and von Mises stresses in relation to the 
load locations indicated by the numbers in Figure 4.14. 
 
Figure 4.14: Local-overall interaction behaviour of uniform compression with locally 
rotationally constrained at plate ends (PL/PE = 0.1183) 
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Figure 4.15: Deformation images (a) and growth of von Mises stresses with load (b - 
outer surface 1, c - middle surface, d - outer surface 2) of Figure 4.14 
At load level 1, the von Mises stresses are noted to be everywhere less than the material yield 
stress level of ζY = 550 N/mm
2
 and the maximum stress is seen to be 368 N/mm
2
 on outer 
surface 1 and outer surface 2. At load level 2, von Mises yielding has occurred in the vicinity 
of the intersection between the section junctions and the nodal planes on outer surface 1 and 
outer surface 2. As the load reaches the failure point at load level 3, it can be seen that yield 
propagation has passed through the middle surface along the section junction from the central 
region to about three-quarters of the length. Also, von Mises yielding has spread in all the 
area in compression sides on outer surfaces 1 and 2. At this point the column has reached its 
ultimate plastic failure and cannot hold any more loads. After this point the column starts to 
unload and this is accompanied by a large deflection of the central section. At load level 4, it 
(a) (b) (c) (d) 
(a) (b) (c) (d) (a) (b) (c) (d) 
(a) (b) (c) (d) 
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is evident that yield propagation has concentrated in the central region. From the deformation 
images it is clear that the column became symmetrically deformed at the plane of the column 
mid-height. 
I-section columns of length 1700 mm 
The non-dimensional load-deflection interactive response of the I-section columns of length 
1700 mm corresponding to free out-of-plane rotation locally is shown in Figure 4.16. The 
ratio of local to Euler buckling load is PL/PE = 0.6853 and thus local buckling is first initiated 
in the post-buckling analysis.  
In Figure 4.16, it is clear that the I-section perfect column has a stable post-local elastic 
interactive response and ends in the overall buckling of the locally buckled member at a 
reduced Euler load in the order of 0.9PE due to the weakening effects of out-of-plane buckles 
along its length. There are three sets of curves in Figure 4.16, the full lined curves represent 
the geometrically perfect section, wo = 0, the dotted curves correspond to those columns with 
a local imperfection magnitude of wo = 0.6tw, and the dash-dot line curves  are those relating 
to a combination of local and overall imperfection magnitudes of wo = δo = 0.6tw. In the case 
of the perfect column, it is noted that for a higher yield stress level of ζY = 550 N/mm
2
 the 
ultimate load is elastic and unloading takes place when the yield curve departs from the 
elastic curve at δC/tw, just in excess of 4. It can be seen also that for the perfect case the 
overall deflection starts at the beginning of local buckling. This is due to the fact that the 
column length is in close proximity to the fixed-ended Euler curve and the first eigenmode 
shape used to produce the initiation of local buckling was seen to have a small amount of 
overall deflection in its locally buckled mode shape. When the column length is much shorter 
and away from the Euler curve the first eigenmode exhibits only the local buckle half-
wavelength form. It is noticeable from Figure 4.16 that for the case of imperfect columns of 
magnitude wo = 0.6tw and different levels of the material yield stress ζY, the central column 
starts to deflect from the beginning of the applied loading due to the presence of a small 
overall deflection in its first eigenmode. For the geometrically imperfect column, the material 
yield stress is seen to have a significant influence on behaviour. Ultimate loads of 0.85, 0.76 
and 0.61PE are seen to occur, respectively, in relation to the yield stress levels of 550, 350 
and 250 N/mm
2
. It is also noteworthy that in the case of near simultaneous local buckling and 
yielding of the perfect section, the ultimate load of the imperfect column is noted to be some 
11% lower than its elastic local buckling load PL. For the case of columns having both local 
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and overall modes of imperfection represented by the dash-dot lined curves, the ultimate 
loads are seen to reduce even further in the order of 14.3%.  
 
Figure 4.16: Local-overall interaction behaviour of uniform compression with locally 
rotationally free at plate ends (PL/PE = 0.6853) 
Figure 4.17 shows the corresponding deformed states and von Mises stresses with load 
locations indicated by the numbers in Figure 4.16. At load level 1 just after local buckling, 
the von Mises yielding are noted to take place in the buckled portions of the compression 
sides on outer surface 1 and outer surface 2. At load level 2, the yielding spreads towards the 
areas close to the section junctions in which the out-of-plane buckles diminish on both outer 
surfaces. As the load reaches the failure point at load level 3, it can be seen that yield has 
propagated all over the compression sides and along the section junction of outer surfaces 1 
and 2. Also, it is noteworthy to point out that von Mises yielding has not completely passed 
through the middle surface all along the section junction. At this point the column has 
reached its ultimate plastic failure and cannot hold any more loads. After this point the 
column starts to unload and this is accompanied by a large deflection of the central section. 
At load level 4, it is evident that yield propagation has concentrated at the ends of the column 
and along the compression side of the flange elements. From the deformation images it is 
clear that the column symmetrically deformed at the plane of the column mid-height. 
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The non-dimensional load-deflection interactive response of the same I-section columns of 
length 1700 mm corresponding to constrained out-of-plane rotation locally is shown in Figure 
4.18. The ratio of local to Euler buckling load is PL/PE = 0.6895 and thus local buckling is 
first initiated during post-buckling analysis. 
Load 
point 
1 
                            
 
 
Load 
point 
2 
                             
 
Load 
point 
3 
                            
 
 
Load 
point 
4 
                     
 
 
Figure 4.17: Deformation images (a) and growth of von Mises stresses with load (b - 
outer surface 1, c - middle surface, d - outer surface 2) of Figure 4.16 
In Figure 4.18, it is clear that the I-section perfect column has a stable post-local elastic 
interactive response and ends in the overall buckling of the locally buckled member at a 
reduced Euler load in the order of 0.91PE due to the weakening effects of out-of-plane 
buckles along its length. In the case of the perfect column, it is noted that for the higher yield 
stress level of ζY = 550 N/mm
2
 the ultimate load is elastic and unloading takes place when the 
yield curve departs from the elastic solution at about δC/tw = 3.0. It can be seen also that for 
(a) (b) (c) (d) 
(a) (b) (c) (d) (a) (b) (c) (d) 
(a) (b) (c) (d) 
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the perfect case the overall deflection starts from the load of P/PE = 0.75. It seems that these 
columns have more stable responses at the onset of local buckling compared with those of the 
free out-of-plane rotation columns. It is noticeable from Figure 4.18 that for the case of 
imperfect columns of magnitude wo = 0.6tw and different levels of the material yield stress ζY, 
the central column is essentially straight and starts to deflect once it reaches the ultimate 
conditions. For the geometrically imperfect column, the material yield stress is seen to have a 
significant influence on behaviour. Ultimate loads of 0.87, 0.77 and 0.61PE are seen to occur, 
respectively, in relation to the yield stress levels of 550, 350 and 250 N/mm
2
. Yet again, in 
the case of near simultaneous local buckling and yielding of the perfect section, the ultimate 
load of the imperfect column is noted to be some 11.5% lower than its elastic local buckling 
load PL.  
 
Figure 4.18: Local-overall interaction behaviour of uniform compression with locally 
rotationally constrained at plate ends (PL/PE = 0.6895) 
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I-section columns of length 1900 mm 
 
Figure 4.19: Local-overall interaction behaviour of uniform compression with locally 
rotationally free at plate ends (PL/PE = 0.856) 
Figure 4.19 shows the equilibrium behaviour for the column with L/bw = 19. This 
corresponds to a Local to Euler buckling load ratio of PL/PE = 0.856 and thus buckling, in this 
case, is again initiated in the local mode. The reduced Euler load for this longer column is 
noted to be of the order of 0.96PE and elastic unloading is seen to occur at the higher column 
deflections. The maximum load of the perfect column, taking due account of material 
nonlinearity, is noted also to be 0.96PE, and unloading as a result of yielding is then seen to 
occur when δC/tw is about 7.5, whereby the yield solution is seen in Figure 4.19 to deviate 
from the elastic solution. Again, the overall column deflection is seen to occur at the onset of 
local buckling due to the same reason as the previous column (i.e. 1700 mm length). The 
perfect column is noticed to attain its ultimate condition not long after the local buckling 
begins. For the geometrically imperfect column, ultimate loads of 0.9, 0.85 and 0.74PE are 
seen to occur, respectively, in accordance with the yield stress levels of 550, 350 and 250 
N/mm
2
. Again, for the cross-section considered in Figure 4.19, near simultaneous local 
buckling and yielding of the perfect section relate to the yield stress level of  σY = 250 N/mm
2
 
and thus the ultimate load of the imperfect column in this case is noted in Figure 4.19 to be 
some 13.5% lower than its elastic local buckling load PL.  
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Figure 4.20: Deformation images (a) and growth of von Mises stresses with load (b - 
outer surface 1, c - middle surface, d - outer surface 2) of Figure 4.19 
Figure 4.20 shows the corresponding deformed states and von Mises stresses with load 
locations indicated by the numbers in Figure 4.19. At load level 1 just after local buckling, 
the von Mises yielding is noted to take place in the buckled portions of the compression sides 
on outer surface 1 and outer surface 2. At load level 2, the yielding widens towards the areas 
close to section junctions in which the out-of-plane buckles diminish on both outer surfaces. 
As the load reaches the failure point at load level 3, it can be seen that yield has propagated 
throughout the compression areas and along the section junction of outer surfaces 1 and 2. 
Also, it is noteworthy to point out that von Mises yielding has not completely passed through 
all the area of the middle surface along the section junction, but complete yielding on all 
(a) (b) (c) (d) 
(a) (b) (c) (d) (a) (b) (c) (d) 
(a) (b) (c) (d) 
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surfaces is seen close to the central region of the column. At this point the column has 
reached its ultimate plastic failure and cannot hold any more loads. After this point the 
column starts to unload and this is accompanied by a large deflection of the central section. 
At load level 4, it is evident that yield propagation has concentrated towards the ends of the 
column and along the compression side of the flange elements. From the deformation images 
it is clear that the column symmetrically deformed at the plane of the column mid-height. 
The non-dimensional load-deflection interactive response of the same I-section columns of 
length 1900 mm corresponding to constrained out-of-plane rotation locally is shown in Figure 
4.21. The ratio of local to Euler buckling load is PL/PE = 0.8609 and thus local buckling is 
first initiated during post-buckling analysis. 
 
Figure 4.21: Local-overall interaction behaviour of uniform compression with locally 
rotationally constrained at plate ends (PL/PE = 0.8609) 
In Figure 4.21, it is clear that the I-section perfect column has a stable post-local elastic 
interactive response and ends in the overall buckling of the locally buckled member at a 
reduced Euler load in the order of 0.97PE due to the weakening effects of out-of-plane 
buckles along its length. In the case of perfect column, it is noted that for the higher yield 
stress level of ζY = 550 N/mm
2
 the ultimate load is elastic and unloading takes place when the 
yield curve departs from the elastic solution at about δC/tw = 7.5. It can be seen also that for 
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the perfect case the overall deflection starts from the load of P/PE = 0.93. It seems that these 
columns have fairly more stable responses at the onset of local buckling comparing them with 
those of the free out-of-plane rotation columns. It is noticeable from Figure 4.21 that for the 
case of imperfect columns of magnitude of wo = 0.6tw and different levels of the material 
yield stress ζY, the central column is essentially straight and starts to deflect once it reaches 
the ultimate conditions. For the geometrically imperfect column, the material yield stress is 
seen to have a significant influence on behaviour. Ultimate loads of 0.93, 0.90 and 0.76PE are 
seen to occur, respectively, in relation to the yield stress levels of 550, 350 and 250 N/mm
2
. 
Yet again, in the case of near simultaneous local buckling and yielding of the perfect section, 
the ultimate load of the imperfect column is noted to be some 11.7% lower than its elastic 
local buckling load PL. 
 
4.3 PLAIN CHANNEL COLUMNS BEHAVIOUR 
The behaviour of thin-walled singly-symmetric sections has been investigated by many 
researchers over the years and will be the subject of interest in years to come. With regard to 
the case of channel sections, there have been claims by Rasmussen & Hancock [76] and 
Young & Rasmussen [79, 84, 85] that local buckling does not induce overall bending of 
fixed-ended members and thus the solution of post-buckling analysis can be treated as one of 
bifurcation of the locally buckled member. Rhodes [90], however, stated that „although the 
neutral axis movement is counteracted at the loaded ends, since there are neutral axis 
movements in different directions at different points along the column then the constant line 
of action of the applied axial load must cause combined bending and compression after local 
buckling to some extent‟ and his comment is verified in the test programs conducted by 
Young & Rasmussen [91] for plain channel columns. In the test, one of the fixed-ended 
columns reported was suffering from overall column deflections from the onset of local 
buckling load onwards. 
In this section in particular and in the light of the comments made by Rhodes [90], the 
influence of irregular neutral axis locations along the length with regards to locally 
rotationally free and constrained at their plate ends of uniformly compressed singly-
symmetric plain channel sections has been investigated and the study is limited to the 
interaction of local buckling and overall flexural bending. 
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4.3.1 GEOMETRY AND KINEMATIC BOUNDARY CONDITIONS 
 
Figure 4.22: Geometry of the singly-symmetric plain channel-section column 
The description of the geometrical details for the plain channel sections has been explained in 
section 3.4 and the cross-section is shown again in Figure 4.22 for the purpose of 
convenience. The determination of the correct response of the columns to the applied loading 
depends on the kinematic boundary conditions imposed on the finite element models. As 
mentioned previously, the behaviour of overall torsional-flexural buckling is precluded from 
this study and thus symmetry conditions can be applied to the finite element models. 
For the case of locally rotationally free at the plate end cross-section, only the out-of-plane 
movements are constrained, so all flange nodes are constrained from moving in the Y-
direction and the web nodes are prevented from movement in the Z-direction. In the case of 
locally rotationally constrained columns, for all nodes of the web and flanges at the end 
sections, apart from the out-of-plane displacement constraints, the out-of-plane rotations are 
constrained about Y- and Z-axes respectively. In both cases, when using the full- and half-
models, the nodes at one end of the cross-section are enforced to move by the same amount 
axially in the X-direction and those at the other end are not allowed to move axially.  
 
4.3.2 LINEAR BUCKLING ANALYSIS 
Linear buckling analysis has been performed to determine the appropriate column length for 
examination. Figure 4.23 shows the local buckling line with pinned-ended and fixed-ended 
Euler curves of singly-symmetric plain channel section.  
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Figure 4.23: Euler curves for singly-symmetric plain channel column 
The findings are presented for typical singly-symmetric plain channel-section columns with 
bf/bw shape factor equal to 0.5. The width of the web, bw, is 100 mm and the thickness is 1.0 
mm for both the flanges and the web. The column length of 700 mm and 1300 mm with 
corresponding slenderness ratio of 50 and 80 respectively has been chosen to represent short 
and long columns with only the local mode being present in the initial buckling. Also, the 
column lengths are positioned below the pinned-ended Euler curve in order to be used for the 
subsequent investigation using pin-ended boundary conditions. 
 
4.3.3 FINITE ELEMENT SIMULATION 
The strategies and procedures used in the finite element method to simulate the 
compressional post-local buckling and overall bending interaction behaviour of the fixed-
ended plain channel columns are the same as those of the I-section columns. The nonlinear 
static solution sequence (SOL 600) has been employed to determine the post-local buckling 
and overall bending interaction behaviour of the channel-section compression members. 
Appropriate loading and boundary conditions as well as geometric nonlinearity and elasto-
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plastic material nonlinearity using the simplified elastic-perfectly plastic stress-strain model 
have been included in the simulation. The complete compressional loading history has been 
determined from the beginning of the applied loading through the linear and nonlinear elastic 
and elasto-plastic post-buckling period to ultimate plastic failure and then through the plastic 
unloading phase of behaviour. For the longer column members some 30,000 elements and 
small load increments were used to accurately capture the complex post-local buckling and 
overall flexural bending interaction behaviour of the columns.  
 
4.3.4 THE USE OF STRUCTURAL SYMMETRY 
Since the plain channel section column is geometrically symmetrical about the Z-plane as 
indicated in Figure 4.22, it was sufficient to analyse one half of the cross-section and indeed 
the use of double symmetry can be applied for a particular case with both ends of the column 
being compressed by the same amount. The use of symmetry in the modelling process does, 
of course, reduce the size of the structural models and cuts down, considerably, the 
computation time involved in solving the appropriate post-buckling equilibrium equations. 
The advantages of structural symmetry have been discussed in section 3.2.1 and shown in 
Table 4-1 without the expense of the accuracy of the outcome. Since the locally buckled 
mode shape is symmetric about the Z-plane, the centre of the web along the member length is 
therefore chosen to represent the line of symmetry as indicated in Figure 4.22. The boundary 
conditions imposed on the symmetry lines are the same as those described in connection with 
the case of the I-section columns.  
For longer length structural members, as in the case of the I-section column, there is a chance 
for the plain channel structural member to have either an odd or even number of local buckle 
half-wavelength in the lowest eigenmode which determines the local buckled form at column 
centre cross-section. While the modelling of the I-section column having local buckled crest 
could be simplified by using the quarter-model, that is not the case for the plain channel 
column as will be explained later in the next section.  
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4.3.5 TYPICAL INTERACTION RESULTS 
Plain channel-section columns of length 700 mm 
The plain channel-section of length 700 mm with corresponding slenderness ratio of 43 can 
be categorized as short column. The finite element analyses with regards to those being local 
rotationally free and local rotationally constrained at the plate ends are shown in Figure 4.24 
and Figure 4.26, respectively. Both types of boundary conditions at their constituent plate 
ends have the shape of the buckle crest at the central column sections. The cross sectional 
details are as indicated in the figure and the material considered is steel with a yield stress 
level of 250, 350 and 550 N/mm
2, Young‟s modulus E = 207,000 N/mm2 and Poisson‟s ratio 
ν = 0.3. The analyses have been performed using perfect structural geometries with elastic 
and elastic-perfectly plastic material models. 
Both types of analyses were modelled using full-, half- and quarter-model to investigate the 
differences among these models. It can be noted that generally the quarter-model has good 
agreement with the full- and half-models except the one with a yield stress level of 350 
N/mm
2
 of the locally rotationally constrained columns (Figure 4.26). It seems that for the 
case of the singly-symmetric plain channel section, the quarter-model does not completely 
reproduce the same behaviour as the full- and half-models. The reason for this may be that 
the loading for the quarter-model is assumed to be applied by the same amount at both ends 
and the central column section does not move axially. Whilst for the case of the full- and 
half-model, the load is applied at one end whereas the other end is fixed and in addition the 
central column section does in fact move towards the fixed end. These factors, as will be seen 
later, have caused the change in the number of local buckles along the length in a different 
way for all models and as a result these have an effect on the post-buckling behaviour of the 
channel-section compression members. 
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Figure 4.24: Columns with local buckle crest at column centre section (locally 
rotationally free) 
In Figure 4.24, the behaviour of the quarter-model replicates the same responses as the full- 
and half-model from the beginning of the applied loading through linear and nonlinear elastic 
and elasto-plastic post-buckling period to ultimate plastic failure and then through the plastic 
unloading phase of behaviour. All models basically predict the same final collapse load. 
Further investigation into the deformation shapes and the development of von Mises stresses 
are shown in Figure 4.25. The von Mises stresses depicted in Figure 4.25 are in isometric 
views using the full-model. 
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Figure 4.25: Deformation images (a) and growth of von Mises stresses with load (b - 
outer surface 1, c - middle surface, d - outer surface 2) of Figure 4.24 (full-model) 
The surface definition for outer surface 1 and 2 was described in Figure 3.25. The numbers of 
the load locations shown on the end compression plot of Figure 4.24 correspond to the 
deformation shapes and the von Mises stresses illustrated in Figure 4.25. At load point 
location 1, the von Mises stresses are everywhere elastic which is less than the material yield 
stress level of ζY = 350 N/mm
2
. At load level 1, the maximum stress is seen to be 105 N/mm
2
 
occurring in the web and flanges of the section on outer surface 1 and outer surface 2. At load 
level 2, the yielding starts to take place and is seen to occur in part of the section junction on 
outer surface 1 and outer surface 2. Its location is noted to be in the vicinity of the 
intersection between the nodal planes and the section junction. At load level 3 it can be seen 
that yield propagation has taken place along the section junction of outer surface 1 and 2. At 
(a) (b) (c) (d) (a) (b) (c) (d) 
(a) (b) (c) (d) (a) (b) (c) (d) 
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this load level von Mises yielding is seen to creep into the middle surface in the vicinity of 
the section junction along the length, and it is clear from this that complete yielding through 
wall thickness has been reached at the section junction along its length. At this point the 
column has reached its ultimate condition and cannot hold any more loads. After this point 
the column starts to unload and at load level 4, it is evident that yield propagation has taken 
place across the nodal planes of the centre buckle on outer surfaces 1 and 2 and through the 
section wall thickness at four locations as shown, where it is believed that plastic hinges have 
occurred. From the deformation image it is clear that the column symmetrically deformed at 
the plane of the column mid-height. 
In Figure 4.26, generally, it is clear that the fixed-ended column has a substantially stable 
post-local elastic interactive response. The ultimate loads have been reduced considerably 
when taking into account the influence of material plasticity. The elastic ultimate load is in 
the order of 70 kN but to be reduced to about 39kN, 30kN and 24.5kN corresponding to the 
yield stress levels of σY = 550, 350 and 250 N/mm
2
 respectively in the elasto-plastic solution. 
It is worth pointing out that for the case where the channels are elastic there is one point 
during the loading at which the numbers of local buckles change from 5 to 7 for both cases of 
full- and quarter-models, and this is termed mode jumping as indicated in Figure 4.26. 
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Figure 4.26: Columns with local buckle crest at column centre section (locally 
rotationally constrained) 
It can be seen in Figure 4.26 that the behaviours of the full- and half-model are similar, and 
that the quarter-model almost replicates the same responses as the full- and half-model when 
the material is elastic. But once plasticity is taken into consideration, near the ultimate 
condition and related to the yield stress level of 350 N/mm
2
 the behaviour of the columns 
using the full-model tends to change unexpectedly at the point of the ultimate load. While 
responses of those using the quarter-model are gradually unloaded after reaching the failure 
load. Nevertheless, all models virtually predict the same final collapse load. Interestingly 
enough, for the yield stress level of 250 and 550 N/mm
2
 the quarter-model produces similar 
behaviour to the full- and half-model, and with further examination the full-model shows 
symmetric deformation to have occurred with the plane of symmetry located at the central 
column section as would be expected when using the quarter-model. More in-depth 
investigation on the deformation shapes and the development of von Mises stresses with 
particular interest in the columns behaviour with yield stress levels of 350 N/mm
2
 and 550 
N/mm
2
 are shown in Figure 4.27 and Figure 4.30, respectively. 
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Figure 4.27: Load-end compression curves with yield stress level of 350 N/mm
2
 
Figure 4.27 shows the equilibrium behaviour curves of the full- and quarter-models. It can be 
noted that the slope of both curves diminishes as the load increases due to material yielding 
and local buckled form change during compression. Both models show comparable responses 
up to the point of the collapse load. Upon reaching the ultimate load the equilibrium response 
of the compression member of the full-model suddenly drops, while that of the quarter-model 
steadily unloads. Hence, there is a need to investigate further what has triggered the relatively 
different responses. The deformation images and the development of von Mises stresses of 
the full- and quarter-model in relation to the load locations of Figure 4.27 are shown in 
Figure 4.28 and Figure 4.29, respectively. 
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Figure 4.28: Deformation images (a) and growth of von Mises stresses with load (b - 
outer surface 1, c - middle surface, d - outer surface 2) of Figure 4.27 (full-model) 
(a) (b) (c) (d) 
(a) (b) (c) (d) 
(a) (b) (c) (d) (a) (b) (c) (d) 
(a) (b) (c) (d) 
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Figure 4.28 depicts images of the deformed shapes and growth of von Mises stresses using 
the full-model. At load point locations 1, the von Mises stresses are everywhere elastic which 
is less than the material yield stress level of ζY = 350 N/mm
2
 as indicated in Figure 4.28. At 
load level 2, the maximum stress is seen to be 339 N/mm
2
. For the section considered with bf 
/bw = 0.5 it is found that first yielding takes place between load levels 2 and 3 as indicated in 
Figure 4.28. It can be seen from the deformed shape at load level 2 that the member has 5 
numbers of local buckles. At load level 3, from the deformation image, the number of local 
buckles jumps from 5 numbers to 6 numbers of unequal local buckles where the central local 
buckle has been shifted slightly upwards. At this load level von Mises yielding at ζY = 350 
N/mm
2
 is seen to occur in the web and flange elements of the section on outer surfaces 1 and 
2 at the section nodal planes and in the vicinity of the section junction. It is clear from this 
that complete yielding through wall thickness has almost been reached at the locations 
between nodal planes and in the vicinity of the section junction as shown in the middle 
surface image of load level 3. At load level 4, it is obvious that yield propagation has taken 
place through the section wall thickness and along parts of the section junctions mostly in the 
lower part of the column on all surfaces. It is seen that the section junction in this region in 
particular is now fully yielded. Load level 4 is essentially representing the ultimate conditions 
of the section prior to the unloading phase of its compressional behaviour. At load level 5, it 
is clear that there are significant plastic yield hinges located at the lower nodal plane of the 
central local buckle. From the observations made with respect to yield propagation with load 
it is perhaps most relevant to point out that at the ultimate load condition pertaining to load 
levels 3 and 4, it is clear that failure is closely associated with complete through-the-thickness 
yielding at the section junctions on part of the section length. This is first evident at load level 
4 as indicated in Figure 4.28 due to asymmetric conditions of the local buckles along the 
length and it is of some significance that failure ensues shortly thereafter at load level 5 as 
shown in Figure 4.28. 
Figure 4.29 depicts images of the deformed shapes and progress of von Mises stresses using 
the quarter-model. Bear in mind that the quarter-model represents a complete symmetry of 
the finite element model where the boundary conditions along with the applied loads are all 
symmetric. The deformation images in that case were constructed by reflecting the images of 
the quarter-model at the planes of symmetry and so the images in Figure 4.29 represent the 
full length of the channel from end to end. The von Mises stress images correspond to half 
the column length. These stress images were taken from the nonlinear finite element analyses 
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without any modification and in isometric view in an attempt to show the significant 
development of von Mises stresses in the vicinity of the section junctions. 
From the deformation images, at load point 1 and 2, the number of local buckles is 5. As the 
applied load increases at one point between loads point 2 and 3 the number of local buckles 
changes from 5 to 7 and this is depicted in the deformed shape of load point 3. It can be noted 
that the mode jumping happens in a symmetric manner and the crest of middle local buckle 
does not shift from the central column line. For the case of the full-model, however, it is 
believed that the change in number of local buckles has been affected by simultaneous 
yielding and mode jumping.  Moreover, the channel still has the reserve strength to pass the 
critical mode jumping point before failure. This observable fact will be investigated further 
by examining the equilibrium curves with yield stress level of 550 N/mm
2
 whereby the 
quarter-model produces similar behaviour to that of the full-model. 
It is seen that at load point location 1, the von Mises stresses are everywhere elastic as 
indicated in Figure 4.29. At load level 2, the maximum stress increases to a level close to von 
Mises yielding at ζY = 350 N/mm2, and it is believed that first yielding takes place between 
load levels 2 and 3 as indicated in Figure 4.29. At load level 3 von Mises yielding is seen to 
occur in the web and flange elements of the section on outer surface 1 and 2 at the section 
nodal planes and in the vicinity of the section junction. At load point 4, it is clear from this 
that complete yielding through the wall thickness has been reached in the vicinity of the 
section junction close to the column central section. Load point 6 essentially represents the 
ultimate plastic failure of the column and from the observations made it is perhaps worthy of 
note that at the ultimate load condition pertaining to load levels 6 and 7, it is clear that failure 
is closely associated with complete through-the-thickness yielding at the section junctions 
close to the column central section.  
 
 
 
 
 
 
131 
 
Load 
point 
1 
     
 
 
Load 
point 
2 
     
 
Load 
point 
3 
      
 
 
Load 
point 
4 
    
 
 
Load 
point 
6 
  
 
 
Load 
point 
7 
  
 
 
Figure 4.29: Deformation plots (a) and growth of von Mises stresses with load (b - outer 
surface 1, c - middle surface, d - outer surface 2) of Figure 4.27 (quarter-model) 
 
 
(a) (b) (c) (d) 
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Figure 4.30 shows the load-end compression equilibrium behaviour of the plain channel with 
respect to yield stress level 550 N/mm
2
.  
 
Figure 4.30: Load-end compression curves with yield stress level of 550 N/mm
2
 
Based on Figure 4.30, for sections manufactured from high yield materials it is possible to 
design the columns with a fairly wide range of the ratio of yield stress to local buckling stress 
σY/σcr of the sections. For the higher values of this ratio it is shown that the post-buckling 
response involves an initial range of elastic behaviour whereby the nonlinear loss in 
compressional stiffness is associated with large rotations and local form change during 
loading. 
From Figure 4.30, more in-depth investigation is required since the full-model generates 
similar responses to that of the quarter-model. The deformation shapes and development of 
von Mises stresses relating to the column behaviour at each number shown on the end 
compression plot of Figure 4.30 are depicted in Figure 4.31. 
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Figure 4.31: Deformation plots (a) and growth of von Mises stresses with load (b - outer 
surface 1, c - middle surface, d - outer surface 2) of Figure 4.30 (full-model) 
At load point locations 1 and 2, the von Mises stresses are everywhere elastic as predicted 
since the compression material is in the initial stages of post-buckling. At load level 3, the 
(a) (b) (c) (d) 
(a) (b) (c) (d) (a) (b) (c) (d) 
(a) (b) (c) (d) (a) (b) (c) (d) 
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maximum stress is seen to be 522 N/mm
2
. Again, this is seen to occur on outer surface 1 and 
on the nodal planes in the vicinity of the section junction. It is noticed that from the 
deformation images of load levels 2 and 3 the number of local buckles jumps from 5 to 7 and 
this mode jumping location is indicated in Figure 4.30. The additional local buckle is seen to 
be equally placed below and in the upper central region of the column. It is found that first 
yielding happens between load levels 3 and 4, where it has passed the critical point of mode 
jumping. At load level 4 von Mises yielding at ζY = 550 N/mm
2
 is seen to expand mostly in 
the web and flange elements of the section on outer surfaces 1 and 2 of the same spot as at 
load level 3. It is clear from this that yielding has also taken place through wall thickness 
between the nodal planes of each local buckle half-wavelength and in the vicinity of the 
section junction. At load level 5, it is evident that yield propagation has taken place through 
the section wall thickness predominantly along the section junction close to its mid-height. 
Load level 5 essentially represents the ultimate conditions of the section prior to the 
unloading phase of its compressional behaviour. At load level 6, it is clear that there is 
significant yield propagation on the middle surface all along the section junction between the 
nodal planes of central local buckle. From the observations made with respect to yield 
propagation with load it is perhaps most relevant to point out that failure is closely associated 
with complete through-the-thickness yielding at the section junctions close to the section 
central column length.  
It is worth pointing out that for the case of a yield stress level of 250 N/mm
2
, the first von 
Mises yielding takes place at an applied load level of about 21.5 kN, and it is seen that the 
compressional behaviour of the column deviates from the elastic equilibrium curve just 
before the local mode change of the elastic locally buckled column. It should be noted also 
that there is a local mode change along the column length at an applied load level of about 
24.4 kN whereby the number of local buckles changes from 5 to 7 for both cases of full- and 
quarter-models. 
Generally, the compressional stiffness of thin-walled short columns is noted to be 
significantly changed as a result of the out-of-plane buckles of the section walls. The 
presence of surface yielding which is due to the high through-the-thickness bending stresses 
has caused more loss in compressional stiffness, and the growth of yielding through the 
section wall thickness leads finally to ultimate plastic collapse and then to a post-collapse 
unloading phase of behaviour. It is of note that at ultimate conditions von Mises yielding is 
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seen creeping into the middle surface from the outer surfaces mostly in the vicinity of the 
section junctions along the column length.   
For the particular case of short columns locally rotationally constrained at their plate ends, at 
one point during loading the number of local buckles changes and it depends mostly perhaps 
on the loading conditions and the start of von Mises yielding. The post-collapse behaviour is 
noted to be significantly altered as a result of local mode change along the column length. For 
additional numbers of local buckles equally placed below and in the upper regions of the 
column mid-height, the post-collapse phase of behaviour is observed to be gradually 
unloading and it is seen that the failure mechanism occurs at the centre of the column. For the 
unsymmetrical arrangement of the local buckles along the column length, upon following the 
ultimate conditions the column crumples at a location slightly off the column mid-height and 
the load rapidly drops to a level way below the failure load. 
Plain channel-section columns of length 1300 mm 
Figure 4.32 shows the axial load, end compression behaviour for the case of locally 
rotationally free and the cross sectional details are as indicated in the figure, with bf/bw = 0.5, 
tf/tw = 1.0, tf/bw = 0.01, L/bw = 13 and for bw = 100 mm. The material considered is steel with 
a Young‟s modulus E = 207,000 N/mm2 and Poisson‟s ratio ν = 0.3. From linear buckling 
analysis, the initial buckling mode shape showed that the column has local buckles node at 
the column centre.  
The nonlinear finite element analyses of Figure 4.32 employ three finite element models, the 
full-, half- and quarter-models. The three models basically estimate the same failure loads, 
however, the post-collapse behaviours are quite different. Generally, in the elastic range it is 
clear that the fixed-ended column has a substantially stable post-local elastic interactive 
response and that the ultimate load carrying capability of the column is of the order of 40 kN. 
The influence of material plasticity has caused the ultimate load to be reduced considerably.  
The elastic ultimate load is seen to be reduced to about 37kN, 30kN and 25kN corresponding 
to the yield stress levels of σY = 550, 350 and 250 N/mm
2
 respectively in the elasto-plastic 
solutions. 
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Figure 4.32: Load-end compression curves (locally rotationally free) 
The load-end compression curves corresponding to yield stress level of 350 N/mm
2
 have 
been chosen for examination.
 
In Figure 4.32, it is clear that the half-model produces similar 
responses to the full-model in the elastic case as well as that with yield stress level of 250 
N/mm
2
. For the case of yield stress levels 350 N/mm
2
 and 550 N/mm
2
, the half-models 
replicate similar behaviour as those of the full-models up to the point of failure; however, 
they present rather different results for the post-collapse behaviour.  Bear in mind that for the 
case of the half-model, the finite element strategy precludes the condition of twisting about 
the X-axis as a result of symmetric boundary conditions at the line of symmetry located at the 
centre of the web along the member length. For the case of the full-model, the nodes at the 
symmetry line are permitted to be free from constraints; in this case, it allows the finite 
element to naturally satisfy the right equilibrium conditions, leading to twisting about the X-
axis along the centre line of the web.  
The numbers shown on the end compression plot of Figure 4.32 indicate the load locations at 
which the von Mises stresses are depicted in Figure 4.33 and Figure 4.34, and thus the 
propagation of plastic yielding with load can be visualised. In order to obtain an in-depth 
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understanding of the mechanics of post-local buckling in thin-walled sections an examination 
of stress development with load is considered essential. 
The growth of von Mises stresses using the full-model is shown in Figure 4.33. At load point 
locations 1 and 2, again the von Mises stresses are everywhere less than the material yield 
stress level of ζY = 350 N/mm
2
. At load level 2, the maximum stress increases to 340 N/mm
2
. 
This is seen to occur in the web of the section on outer surface 1 and 2, but its location is 
noted to be at the section nodal planes and in the vicinity of the section junction. For the 
section considered with bf /bw = 0.5 it is found that first yielding occurs between load levels 2 
and 3 as indicated in Figure 4.33. At load level 3 von Mises yielding at ζY = 350 N/mm2 is 
seen to occur in the web and flange elements of the section on outer surface 1 and 2 and in 
the vicinity of the section junction along the member length. It is clear from this that yielding 
has crept into the middle surface mainly between nodal planes and in the vicinity of the 
junction. At load level 4, it is of note that full yield spread has occurred along the section 
length on all surfaces and that the section junction in particular is now fully yielded and 
essentially represents the ultimate conditions of the section prior to the unloading phase of its 
compressional behaviour. At load level 5, the structural compression member caves in and 
further examination on the nodes at central column cross-section shows that the member is 
experiencing twisting during the unloading phase. It is worthy out of note that failure for the 
columns considered is closely associated with complete through-the-thickness yielding at the 
section junctions and all along the column length. 
The growth of von Mises stresses using the quarter-model is shown in Figure 4.34. The 
deformation and the growth of von Mises stresses images were taken from the nonlinear 
finite element analyses. The images are as it is and cannot be modified as a result of the 
asymmetric conditions at the line of the column mid-height. This is due to the even number 
of local buckles half-wavelength, in which case it leads to the local buckle node at the central 
column section. 
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Figure 4.33: Deformation plots (a) and growth of von Mises stresses with load (b - outer 
surface 1, c - middle surface, d - outer surface 2) of Figure 4.32 (full-model) 
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Figure 4.34: Deformation plots (a) and growth of von Mises stresses with load (b - outer 
surface 1, c - middle surface, d - outer surface 2) of Figure 4.25 (quarter-model) 
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From Figure 4.34, the von Mises stresses are everywhere elastic at load level 1 and 2. At load 
level 2, the maximum stress increases to 338 N/mm
2
. Again, this is seen to occur in the web 
of the section on outer surface 1 and 2, and its location is seen to be at the section nodal 
planes and in the vicinity of the section junction. It is believed that first yielding takes place 
between load levels 2 and 3 as indicated in Figure 4.34. At load level 3 von Mises yielding at 
ζY = 350 N/mm
2
 is observed to occur in the web and flange elements of the section on outer 
surface 1 and 2 in the vicinity of the section junction along the member length. Plastic 
yielding is seen to creep into the middle surface particularly in the area between nodal planes 
and in the vicinity of section junctions. At load points 4 and 6, it is evident that yield 
propagation has taken place through the section wall thickness along its length towards the 
buckle node at its mid-height. At load point 6, it is of note that full yield propagation has 
taken place along the column length on all surfaces in the vicinity of the section junction. 
Load points 4 and 6 are almost identical as indicated in Figure 4.34, and essentially they 
represent the ultimate conditions of the section. From the observations made with respect to 
yield propagation with load it is interesting to note that at the post-collapse condition 
pertaining to load level 7, the post-failure is strongly associated with the way the loading is 
applied to the compression members. 
141 
 
The local-overall deflected state of the column is as indicated in Figure 4.35. The global 
flexural mode for fixed-ended conditions is clearly evident in Figure 4.35 as are the local 
buckles along the column length shown in Figure 4.33 and Figure 4.34.  
 
Figure 4.35: Load-deflection curves (locally rotationally free) 
For the case of being locally rotationally free at the plate ends, the column deflection 
behaviour of all modelling techniques is shown in Figure 4.35. The positive values of the 
non-dimensional deflections at mid-length in the load deflection plot of Figure 4.35 indicate 
deflections which cause compressive bending strains in the web and tensile strains at the free 
edge of the flanges. On the other hand, the negative values of non-dimensional column 
central deflections signify compressive bending strains at the free edge of the flanges and 
tensile strains in the web.  
In Figure 4.35, it can be seen that the column deflection responses of full- and half-models in 
the elastic range of behaviour are similar. In the presence of inelastic material, however, the 
full-models behave differently when compared to that of the half-model in post-ultimate 
collapse behaviour. It is found that by examining the movement in the Z-direction of two 
nodes of the full-model located in the section junctions at mid-height, there is a twisting 
movement occurring after the section attains its ultimate conditions. While for the case of the 
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half-model, the twisting rotation about X-axis is not allowed due to the symmetric boundary 
conditions imposed at the centre of the web along the member length. Consequently, it is 
clear from the load-deflection plots that the post-collapse responses of the full-model are 
lower than that of the half-model as a result of the interaction between local-global/flexural 
and flexural-torsional modes which produces the lowest strain energy. Nevertheless, it is 
obvious that the predictions using the half-model technique are applicable to singly-
symmetric columns confined to only the flexural mode as the mode of overall buckling. 
Pertaining to the column deflection responses to load of the quarter-models, generally, it can 
be seen that the column deflects immediately after reaching the final load. It is seen that the 
deflections of the quarter-model are in the opposite direction to those of the full-model and 
half-model which is due to the approach used to trigger the overall movement of the central 
column section during post-buckling analysis. For a column in the elastic range of behaviour, 
it seems that the overall behaviour of locally buckled thin-walled channel members conforms 
to those analytical conclusions made by Rasmussen & Hancock [76] and Young & 
Rasmussen [79] which state that local buckling does not induce overall bending of fixed-
ended members and thus the overall behaviour of the singly-symmetric section columns can 
be treated as one of bifurcation of the locally buckled member. The bifurcation point by 
definition is a point where a compressed column would immediately deflect in a global 
manner. It is worth pointing out that by using the quarter-model with buckle node at the 
column centre certain restraints have been imposed on the lines of symmetries of the sections. 
Several restrictions are expected, these being no twisting reactions about the X-axis, equal 
loadings applied at the ends of the column and unchanged cross-section shape at the nodal 
plane between local buckles at mid-height. These limit the performance of the columns to 
load. When compared to the results of the full-model in the elastic range of behaviour, it is 
seen that column deflections do take place and no bifurcation occurs as the centre section of 
the column which gradually deflects and thus the concluding remarks from Young & 
Rasmussen [79] are in question. 
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Figure 4.36: Load-end compression curves (locally rotationally constrained) 
Figure 4.36 shows the axial load, end-compression characteristics for plain channel columns 
which are locally rotationally constrained at plate ends. The cross sectional details are as 
those of the columns which are locally rotationally free at plate ends. The material considered 
is steel with a Young‟s modulus E = 207,000 N/mm2 and Poisson‟s ratio ν = 0.3. In the 
elastic range, it can be seen that the fixed-ended column shows a substantially stable post-
local interactive response from the onset of local buckling and that the ultimate carrying 
capability of the column is of the order of 41.6kN slightly higher than those of locally 
rotationally free columns. The influence of material plasticity has caused the elastic ultimate 
load to be reduced considerably. The elastic ultimate load is seen to be reduced to about 
36kN, 30kN and 24kN corresponding to the yield stress levels of σY = 550, 350 and 250 
N/mm
2
 respectively in the elasto-plastic solutions. The reduction based on the lower yield 
stress levels of 250 N/mm
2
 is noted to reduce the elastic ultimate load of the column in the 
order of 42.3%.  
The nonlinear finite element analyses of Figure 4.36 employ three finite element models, the 
full-, half- and quarter-models. The three models basically estimate the same failure loads, 
however, the post-collapse behaviours are quite different. As the loading increases, the 
compression stiffness of the quarter-model is found to be lower than those of the other two 
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models. When compared to those of length 700 mm, the short columns do not display any 
differences in compression stiffness for all models and this might be due to a number of 
factors. Perhaps the two most influential factors are the slenderness ratio of the columns and 
the distribution of local buckles along the column length. It is of note that for the case of 
locally rotationally constrained columns, the phenomena of mode jumping is present during 
compression and this alters the numbers and the distribution of the local buckles along the 
length. From Figure 4.36 and Figure 4.39, it can be seen that the elastic curve of the quarter-
model deviates from that of the full-model at P = 27kN. Hence, it is necessary to examine the 
cause of these differences by looking at the deformed states and the growth of von Mises 
stresses for the full- and quarter-models.  
The development of the deformed shapes and the von Mises stresses corresponding to the end 
compression plot of Figure 4.36 using the full finite element model is shown in Figure 4.37. 
The numbers shown in Figure 4.37 indicate the load locations in relation to the yield stress 
level of 250 N/mm
2
. From Figure 4.37, the spreading of plastic yielding with load and the 
most probable mechanism of failure at plastic collapse can be visualized and ascertained. In 
this case, the out-of-plane rotations at the ends of the constituent plate elements are 
constrained and as a result the local buckle amplitudes diminish towards the ends of the 
column. This can be seen in the locally buckled mode shape at load location 1 whereby the 
column is seen to be perfectly straight and that the local buckles along the length are 
associated with amplitude modulation with maximum amplitude located at the column centre. 
At load point locations 1 and 2, the von Mises stresses are everywhere less than the material 
yield stress level of ζY = 250 N/mm
2
. At load level 2, the maximum stress is seen to be 240 
N/mm
2
. For the section considered the first yielding is found to occur between load levels 2 
and 3 as indicated in Figure 4.37. It should be noted also that there is a local mode change 
along the column length at applied load level 2 whereby the number of local buckles changes 
from 9 to 10 and this mode jumping location is indicated in Figure 4.36. The additional local 
buckle is seen to be positioned below the central region of the column and also the central 
local buckle has been pushed upwards to make spaces for the additional local buckle. As a 
result the region below the column mid-height has more numbers of local buckles than the 
upper region. At load level 3 von Mises yielding occurs in the web and flange elements of the 
section on outer surface 1 and 2 and in the vicinity of the section junction along the length.  
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Figure 4.37: Deformation plots (a) and growth of von Mises stresses with load (b - outer 
surface 1, c - middle surface, d - outer surface 2) of Figure 4.36 (full-model) 
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It is clear from this that complete yielding through the wall thickness has been reached at 
locations between nodal planes and in the vicinity of the section junction at load level 3. At 
load level 4, it is obvious that full yield propagation has taken place along the section 
junction on all surfaces and that the section junction in particular is now fully yielded. 
Essentially, load level 4 represents the ultimate conditions of the section prior to the 
unloading phase of its compressional behaviour. At load level 5, it is clear that plastic 
mechanisms take place in the region below the central local buckle due to the fact that 
heavier local buckles are located in the lower region. 
The growth of the deformed shapes and the von Mises stresses in relation to the end 
compression plot of Figure 4.36 using the quarter finite element model is shown in Figure 
4.38. The von Mises stresses are everywhere elastic at load point locations 1 and 2 as 
indicated in Figure 4.38. At load level 2, the maximum stress is seen to be 244 N/mm
2
 on 
outer surface 1 and 2 which is close to the von Mises yielding at ζY = 250 N/mm
2
. The first 
yielding is expected to occur between load levels 2 and 3 as indicated in Figure 4.38. It is 
noticed that from the deformation images of load levels 1 and 2 the number of local buckles 
jumps from 9 to 11, and this mode jumping location is indicated in Figure 4.36. The 
additional local buckle is seen to be equally placed below and in the upper central region of 
the column. At load level 3 von Mises yielding occurs in the web and flange elements of the 
section on outer surface 1 and 2 and in the vicinity of the section junction along the length. It 
is clear from this that complete yielding through wall thickness has been reached at different 
spots between nodal planes and in the vicinity of the section junction. At load levels 4 and 5, 
the ultimate condition has been attained as a result of full yield spreading on all surfaces 
along the section junction near column central region. At load level 5, it is clear that plastic 
mechanisms take place between nodal planes of central local buckle and in the proximity of 
the section junctions due to the fact that heavier local buckles are equally placed in the lower 
and upper region of the column. 
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Figure 4.38: Deformation plots (a) and growth of von Mises stresses with load (b - outer 
surface 1, c - middle surface, d - outer surface 2) of Figure 4.36 (quarter-model) 
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Figure 4.39: Load-deflection curves (locally rotationally constrained) 
Figure 4.39 shows the axial load, column central deflection characteristics for the plain 
channel columns of Figure 4.36 whereby the global flexural mode is clearly evident. In the 
elastic range of behaviour the local-overall deflected state of the column at location D is seen 
to have heavier local buckles in the central region in which the flange free edges are under 
the greatest compression, whereas the web element of the section is more heavily compressed 
in the outer region and the amplitude of the local buckles is seen to diminish towards the 
column ends as depicted in Figure 4.39.   
It should be noted also that there is a local mode change along the column length at an 
applied load level of about 17kN whereby the number of local buckles changes from 9 to 11 
for the quarter-model, whereas for the case of full-model the local mode changes from 9 
numbers of local buckles to 10. This mode jumping location is as indicated in Figure 4.39. 
These changes could be the reason why the compression stiffness of the full-model is 
different from that of the quarter-model. As the number of local buckles increases, as in the 
case of quarter-model, this constitutes more loss in effective area and thus the column 
becomes ineffective in resisting further loading. For the fixed-ended column and in relation to 
being locally rotationally constrained at plate ends, it is of particular interest to note that 
column deflections do in fact take place from the onset of local buckling and thus the views 
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put forward by Rhodes [90] are confirmed and the concluding remarks from Young & 
Rasmussen [79] are in question. It is clear from Figure 4.39 that generally the fixed-ended 
singly symmetric plain channel section column, unlike the behaviour of columns with doubly 
symmetric cross-sections such as box or I-sections, is not an overall bifurcation problem of 
the locally buckled member. 
 
4.4 COMPARISON WITH TEST 
The behaviour of the fixed-ended plain channel column from the finite element simulation 
using the modelling strategies and solution procedures detailed in this chapter is compared 
with the independent test work of Young & Rasmussen [91] and the comparison plots are 
shown in Figure 4.40 and Figure 4.41. The test column is 1500 mm long and the details of 
centreline dimensions of the section are as indicated in Figure 4.40. The actual stress-strain 
data reported by Young & Rasmussen [84] has been used to represent the material model in 
the simulations, and the local geometric imperfection magnitude is in the order of wo = 0.01 
mm. The column behaviour and the failure load from the simulation are seen to compare 
favourably with the test. The stable interaction is readily predicted and it is interesting to note 
that column deflection from the test begins immediately after the local buckling load. 
 
Figure 4.40: Column load-deflection comparisons with experimental tests 
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Young & Rasmussen [91] have implied that the column deflection is due to overall geometric 
imperfections inherited in the test column. If that is the claim, the column should deflect from 
the beginning of loading but it has evidently not, as demonstrated by the test. In fact, it is 
clear that column bending starts from the onset of local buckling as suggested by the 
simulation, wherein the influence of an overall imperfection has been precluded in the 
analysis. The finite element model is seen to replicate the actual behaviour reasonably well.  
 
Figure 4.41: Load-end compression comparisons with experimental tests 
Figure 4.41 shows the applied load, end compression plot of the plain channel column. It can 
be seen that the column response to load from the simulation successfully follows that of the 
tested column. The compression history starts from the beginning of the applied loading 
through linear and nonlinear elastic range and elasto-plastic post-buckling period to ultimate 
plastic collapse and then through the plastic unloading phase of behaviour. The ultimate load 
of the simulation is in the order of 54.9kN whilst that of the test is reported to be 55.5kN and 
the difference between the two is 1.08%. 
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4.5 CONCLUDING REMARKS 
Generally, the presence of out-of-plane buckles along column length has been shown to result 
in reduced global elastic Euler buckling loads. The ultimate carrying capability of the 
columns has been shown to be significantly reduced due to geometrical imperfections and 
material nonlinearity. The variation in local boundary conditions at constituent plate ends has 
been shown to result in difference post-local buckling behaviour and care should be seriously 
taken on using symmetric modelling techniques as they could produce different results to 
what the real conditions should have been. 
In the case of short I-section columns, the existence of geometrical imperfections in columns 
whose local buckling stress is close to the material yield stress can result in lower ultimate 
load levels than the elastic local buckling load of the members. For longer columns which lie 
in close proximity to the simultaneous local and Euler buckling design and also at which the 
local buckling stress is close to material yield stress, the reduction in ultimate load levels has 
been shown to be more severe than those of the short columns. An in-depth understanding of 
the mechanics of complex interactions in the post-buckling range of behaviour involving 
different aspects of characteristics is highly essential.  
In the case of fixed-ended plain channel columns whose initial buckling is in the local mode, 
it has been shown, contrary to some reports in the literature, that overall column deflections 
with particular reference to locally rotationally constrained columns are initiated from the 
onset of local buckling. This is due to the fact that there is a varying degree of neutral axis 
shift at different sections along the compression member as a result of amplitude modulation 
of local buckles along the column length. When the column is compressed, the constant line 
of action of the applied axial load can be said to not follow all the neutral axis centroid which 
has been moved due to local buckling. This will cause combined bending and compression 
after the occurrence of local buckling. It can be concluded that the failure of fixed-ended 
plain channel columns is to be associated with overall bending from the onset of local 
buckling and should not be considered as one of bifurcation of the locally buckled members. 
It is worth pointing out that the work in this chapter has resulted in the publication of two 
refereed conference papers, Loughlan & Yidris [123, 124]. 
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Chapter 5  
 
THE INTERACTIVE BEHAVIOUR OF PIN-ENDED THIN-
WALLED COMPRESSION MEMBERS 
 
5.1. INTRODUCTION 
In this chapter, the effect of pin-ended boundary conditions on the compressive response of I-
section and plain channel sections of chapter 4 is examined through the development of 
suitable finite element modelling strategies and procedures, taking due account of material 
nonlinearity and geometrical nonlinearity. The finite element simulations are shown to be 
able to accurately describe the quite different complex failure mechanics pertaining to the 
pinned and fixed-ended boundary conditions of the columns, and a high degree of 
imperfection sensitivity is shown to be in evidence for the pin-ended case. The results 
determined from the finite element modelling strategies presented in this chapter are shown 
to be in good agreement with other analytical solution procedures and with the findings from 
independent experimental test work.  
 
5.2. I-SECTION COLUMNS COMPRESSIVE RESPONSE 
The typical cross-section geometrical details for the I-section columns have been shown in 
Figure 4.1 and will be shown again for convenience.  
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Figure 5.1: Geometry of the doubly-symmetric I-section column 
The findings are presented for a typical doubly-symmetric I-section column with bf/bw shape 
factor equal to 0.5. The columns have length, L of 700 mm and 900 mm, the width of the 
web, bw, is 100 mm and the thickness is 1.5 mm for both the flanges and the web. The length 
of the columns has been chosen in an attempt to investigate imperfection sensitivity in 
column designs which lie in close proximity to the simultaneous local and Euler buckling 
design as shown in Figure 4.9 and 4.10. 
 
5.2.1 KINEMATIC BOUNDARY CONDITIONS 
The modelling strategy of the pin-ended conditions is more complex. For the case which is 
locally rotationally constrained at plate ends shown in Figure 5.2, the flange nodes are 
constrained from movement in the Y-direction and from rotation about the Z-axis. In order to 
allow for the cross-section to rotate at the column ends, all nodes are constrained to move 
axially, in the X-direction, in relation to the displaced state of the independent node which 
lies on the section neutral axis of the plate end cross-section (i.e. location O in Figure 5.3). 
This results in all web nodes being constrained to move in the X-direction by the same 
amount and all the flange nodes being constrained to have a linear variation of axial 
displacement across the flange and through the selected neutral axis node (i.e. independent 
node). In addition, the modelling strategy constrains the web nodes from moving in the Z-
direction and enforces all web nodes to have the same rotation about the Y-axis as that of the 
junction node.  
154 
 
 
Figure 5.2: Uniform compression with restrained out-of-plane rotation at plate ends 
To be able to simulate the pin-ended columns and enforcing all the appropriate constraints 
described previously at the top and bottom ends of the column, multipoint constraint (MPC) 
equations of type explicit and RBE2 were employed. The MPC RBE2 is used to link one 
node (i.e. independent node) to multiple nodes (i.e. dependent nodes). 
 
Figure 5.3: Isometric view of the boundary conditions 
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The independent node of RBE2 is chosen to be located at the centroid of the I-cross-section 
of the top and bottom ends of the column and to be connected to all web nodes and all flange 
nodes (i.e. dependent nodes) as shown in Figure 5.3. The independent node of the top end is 
enforced to move in an incremental manner by a uniform compressional end displacement, u, 
and the independent node of the bottom end is constrained from moving in the longitudinal 
X-direction. Both independent nodes are not allowed to move in the Y- and Z-direction, and 
constrained from rotating about the X- and Z-axis, but free to rotate about the Y-axis. These 
constraints allow the columns to rotate about the minor Y-axis but restrain any bending about 
the major Z-axis as well as twisting about the X-axis. The degrees-of-freedom that define the 
relationship between the independent nodes and the dependent nodes are set to be UX and 
RY. In addition, by using MPC type explicit, the rotations of nodes on the web about the Y-
axis are made equal to that of the junction node. Examples which use MPC type explicit have 
been described in Chapter 3. All other boundary conditions will not use MPC equations, and 
are applied directly to the corresponding nodes of each plate ends. 
In practice, however, the pinned end bearings have been used by many researchers with some 
of them, Young & Rasmussen [84, 85], fabricating the pinned end bearings using lubricated 
ball bearings while others, Graves Smiths [4] and Zhang et al. [65], use the knife-edge 
assembly to perform the tests. Nevertheless, all performed the tests with the same objectives, 
to investigate the strength and behaviour of pin-ended columns. The height of pinned end 
bearing adds distance end to end to the column and must be taken into account in the 
modelling strategy as shown in Figure 5.4. The additional length of the pinned end bearing 
will have an effect on the overall deflection behaviour of the columns. The modelling 
strategy, nevertheless, is similar to the one without the pinned end bearings, except that the 
independent node located at location O is raised by an amount equal to that of the pinned end 
bearing height. Moreover, the web nodes are enforced to move in the Z-direction by the same 
amount to that of the junction node. This enforced movement can be done by using MPC type 
explicit. 
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Figure 5.4: Pinned end bearing modelled using MPC type RBE2 
For the case of being locally rotationally free at plate ends shown in Figure 5.5, all the 
boundary conditions described for the locally rotationally constraint are unchanged except the 
flange nodes are free to rotate about the Z-axis and all the web nodes are not forced to have 
the same rotation about the Y-axis. The effects of plate end boundary conditions of both 
cases, locally rotationally constraint and free, with regard to the pinned end support 
conditions have been investigated in this chapter. 
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Figure 5.5: Uniform compression with free out-of-plane rotation at plate ends 
By using the symmetry boundary conditions described in Chapter 4 which have been shown 
to be useful in reducing the run time of the analysis, the I-section columns need not be 
modelled as a whole I-cross-section. With regards to the pinned end conditions, the effects of 
using the quarter-model - which can be said to have a complete symmetry with the loading  
being equally applied on both ends of the column - has been investigated in this chapter, 
comparing it to the case of the half-model where only one end is loaded but the other end is 
fixed. For longer length structural members where the number of the local buckle half-
wavelength can be odd or even, the effects of having the shape of local buckle crest and local 
buckle node at the central cross-section of the column have also been investigated. 
 
5.2.2 FINITE ELEMENT SIMULATIONS 
The finite element method described in Chapter 4 has been used to simulate the 
compressional post-local buckling and overall bending interaction behaviour of the pin-ended 
I-section columns. The simulations use the Element 75 quadrilateral shell element of the 
MSC/MARC finite element software to discretise the sections and to formulate the finite 
element models. The post-local buckling and overall bending interaction behaviour of the I-
section compression members was determined using the nonlinear static solution sequence 
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SOL 600 involving geometric nonlinearity as well as elasto-plastic material nonlinearity 
using the simplified elastic-perfectly plastic stress-strain model of the I-section material. 
Suitably refined finite element models with appropriate loading cases were developed to 
simulate the complete compressional loading history of the I-section members. This covers 
the onset of initial compression through the nonlinear elastic and elasto-plastic post-buckling 
phases of behaviour to final collapse and then through the plastic unloading phase of 
behaviour. For the longer column members some 30,000 elements were used to accurately 
capture the complex interaction between local buckling and overall flexural bending of the 
columns. Results have been obtained in this work using symmetry for computational 
efficiency.  
 
5.2.3 TYPICAL INTERACTION RESULTS 
From linear buckling analyses of Figure 4.9 and Figure 4.10, the I-section columns of lengths 
700 mm and 900 mm, which are simply supported at the constituent plate ends, display local 
buckle crest at the central column section. Thus, the quarter-model finite element with 
corresponding symmetry boundary conditions has been used for both columns. For I-section 
columns of the same lengths but restrained out-of-plane rotation at their component plate 
ends, these exhibit local buckle node at the central column section. For this case the finite 
element half-model has been used to obtain the responses. 
 
I-section columns of length 700 mm 
Figure 5.6 shows non-dimensional load-end compression behaviour for pin-ended doubly 
symmetric I-section columns which are locally rotationally free at their plate ends. The cross 
sectional details are similar to those of the I-section columns with the fixed-ended boundary 
condition of Chapter 4 and as indicated in Figure 5.1. Local buckling is first initiated which 
corresponds to a local to Euler buckling load ratio of PL/PE = 0.4736. The material considered 
is steel with a Young‟s modulus E = 207,000 N/mm2 and Poisson‟s ratio ν = 0.3. The 
columns are compressed at the section geometric centroid between pinned ends. It is clear 
from Figure 5.6 that the pin-ended I-section column has a substantially stable post-local 
elastic interactive response but at a reduced Euler load resulting from the weakening effects 
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of local buckling. The ultimate loads have been reduced considerably when taking into 
account the influence of material plasticity. It is of note that local buckling results in a 
reduced Euler load of the order of 0.79PE. Ultimate loads of 0.73, 0.67, 0.58 and 0.49PE are 
seen to occur, respectively, in accordance with the yield stress levels of 550, 450, 350 and 
250 N/mm
2
. For the geometrically imperfect column in the order of wo = 0.6tw, it is noted in 
Figure 5.6 that the material yield stress has a significant influence on the behaviour. It is also 
worthy of mention that with regards to the yield stress level of ζY = 250 N/mm
2
 the ultimate 
load of the imperfect column is noted to be some 15.8% lower than its perfect section. The 
corresponding interactive response of Figure 5.6 in the form of non-dimensional applied 
load-column central deflection equilibrium curves is shown in Figure 5.7. It is clear that 
column deflections do not start from the onset of local buckling load; yet, stable interactive 
responses are seen up to the points where the columns attain their ultimate conditions and 
begin to deflect. 
 
Figure 5.6: Non-dimensional load end compression behaviour - locally rotationally free 
at plate ends (PL/PE = 0.4736) 
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Figure 5.7: Local-overall interaction behaviour - locally rotationally free at plate ends 
(PL/PE = 0.4736) 
Further investigation into the deformation shapes and the development of von Mises stresses 
corresponding to the numbers shown on the end compression plots of Figure 5.6 and Figure 
5.7 which indicate the load locations at which the propagation of plastic yielding can be 
visualised are shown in Figure 5.8. The examination of stress development during loading is 
important in order to acquire an in-depth understanding of the mechanics of post-local 
buckling in thin-walled sections. The deformed shapes shown are in full-length and viewed 
from a plane normal to the plane of the web where the free edges of the flanges are visible. 
The von Mises stresses depicted in Figure 5.8 are in isometric views and taken from the 
nonlinear finite element analyses using the half-length quarter-model section. 
At load point locations 1 and 2, the von Mises stresses are found to be everywhere elastic 
which is less than the material yield stress level of ζY = 550 N/mm
2
 as indicated in Figure 5.8. 
At load level 2, the maximum stress is found to be 474 N/mm
2
 and it is seen that yielding has 
occurred in some parts of the web and flange elements of the section, mainly in the vicinity of 
the intersection of nodal planes and section junctions on surfaces 1 and 2 at load level 3. The 
first yielding must have taken place between load levels 2 and 3. It can be seen from the 
deformed shape at load level 2 that the member has 7 numbers of local buckles. At load level 
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4, it can be seen that more plastic yielding occurs but it is clear that complete yielding 
through the wall thickness has not been reached yet. Yielding has crawled from the nodal 
plane section junction to the crest of the web and flange sections on the compression sides of 
surfaces 1 and 2. At load level 5, ultimate states have been attained without complete yielding 
through all its surfaces, and load level 5 is essentially representing the final collapse 
conditions of the member before the unloading phase of its compressional behaviour. The 
column starts to unload and the central section of the column deflects further at load level 6. 
From the examinations made with regard to yield propagation during loading, at the ultimate 
load conditions pertaining to load levels 4 and 5, failure is closely associated with yielding in 
all areas of the compression sides of the web and flange elements of the sections on outer 
surfaces 1 and 2. This is first evident at load level 4 just before the ultimate conditions as 
indicated in Figure 5.8, and when yielding has crept into all areas on the compression sides of 
surfaces 1 and 2 failure follows shortly afterwards at load level 5 as shown in Figure 5.8. 
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Figure 5.8: Deformation images (a) and growth of von Mises stresses with load (b - 
outer surface 1, c - middle surface, d - outer surface 2) of Figure 5.6 (Quarter-model) 
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Figure 5.9 shows non-dimensional load-end compression behaviour for pin-ended doubly 
symmetric I-section columns which are locally rotationally constrained at their plate ends. 
The cross sectional details, material properties and local to Euler buckling load ratio of the 
columns are similar to those of the I-section columns which are locally rotationally free and 
as indicated in Figure 5.9. The columns are modelled using full length half-section finite 
elements and the columns are compressed at the section geometric centroid between pinned 
ends. It can be seen that these columns has a substantially stable post-local elastic interactive 
response with a reduced Euler load of the order of 0.79PE. The elastic ultimate load has been 
reduced considerably due to material plasticity. It is of particular interest that the reduced 
Euler load and the ultimate loads corresponding to all yield stress levels are similar to those 
columns which are locally rotationally free. For the geometrically imperfect column in the 
order of wo = 0.6tw, with regards to the yield stress level of ζY = 250 N/mm
2
 the ultimate load 
of the imperfect column is noted to be some 15.6% lower than its perfect section. It seems 
that the conditions at the constituent plate ends do not have an effect on the ultimate loads of 
the I-section members and the reduction in the failure load for near simultaneous local 
buckling and yielding of the perfect section is approximately the same as those of locally 
rotationally free columns. The corresponding interactive response of Figure 5.9, in the form 
of non-dimensional applied load-column central deflection equilibrium curves, is shown in 
Figure 5.10. It can be seen that the columns have stable interactive responses and column 
deflections only begin when the columns attain their ultimate conditions.  
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Figure 5.9: Non-dimensional load-end compression behaviour - locally rotationally 
constrained at plate ends (PL/PE = 0.4736) 
 
Figure 5.10: Local-overall interaction behaviour - locally rotationally constrained at 
plate ends (PL/PE = 0.4736) 
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Figure 5.11 shows the deformed states and growth of von Mises stresses on outer surface 1, 
middle surface and outer surface 2 of the section. The deformed states shown are in full-
length and the von Mises stresses are in isometric views and taken from the nonlinear finite 
element analyses using the full-length half-model section. It can be seen that the column has 
seven numbers of local buckles and as the loading progresses the amplitudes of the local 
buckles increase. 
At load point locations 1 and 2, the von Mises stresses on all surfaces are found to be elastic 
which is less than the material yield stress level of ζY = 550 N/mm
2
 as indicated in Figure 
5.11. At load level 2, the maximum stress is found to be 432 N/mm
2
 and it is seen that 
yielding has occurred in some parts of the web and flange elements of the section, mainly in 
the vicinity of the nodal plane section junctions on surfaces 1 and 2 at load level 3. The first 
yielding is found to take place between load levels 2 and 3. At load level 4, it is clear that 
complete yielding through the wall thickness has not been reached but more spread in plastic 
yielding occurs from the nodal plane section junction to the crest of the web and flange 
sections on the compression sides of surfaces 1 and 2. Load level 5 is essentially representing 
the final collapse conditions of the member without attaining complete yielding through all 
its surfaces. The column starts to unload and the central section of the column deflects further 
at load level 6. From the examinations made with regard to yield propagation during loading, 
at the ultimate load conditions pertaining to load levels 4 and 5, similar to the locally 
rotationally free columns previously discussed, failure is closely associated with yield 
propagation across all areas of the compression sides of the web and flange elements of the 
sections on outer surfaces 1 and 2. 
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Figure 5.11: Deformation images (a) and growth of von Mises stresses with load (b - 
outer surface 1, c - middle surface, d - outer surface 2) Figure 5.9 (Full-model) 
(a) (b) (c) (d) 
(a) (b) (c) (d) 
(a) (b) (c) (d) (a) (b) (c) (d) 
(a) (b) (c) (d) 
(a) (b) (c) (d) 
167 
 
I-section columns of length 900 mm 
The interactive local/flexural response of pin-ended doubly symmetric I-section columns of 
length 900 mm, which are locally rotationally free at their plate ends in the form of non-
dimensional applied load-column central deflection equilibrium curves, is shown in Figure 
5.12. The cross sectional details and material properties of the columns are similar to those of 
the I-section columns of length 700 mm and are as indicated in Figure 5.12.  Local buckling 
is first initiated which corresponds to a local to Euler buckling load ratio of PL/PE = 0.7789. 
The columns are modelled using the half-length quarter-section finite element and 
compressed at the section geometric centroid between pinned ends. It can be seen from 
Figure 5.12 that the pin-ended I-section column has an insignificantly stable post-local elastic 
interactive response due to its length which is near the Euler curve for pin-ended columns and 
a reduced Euler load as a result of local buckles along the length. Column deflections do not 
start from the onset of the local buckling load; but the columns remain straight up to the 
points where the columns attain their ultimate conditions and begin to deflect. It is interesting 
to note that local buckling results in a reduced Euler load of the order of 0.946PE and the 
ultimate loads are seen to be elastic for higher yield stress levels of 550 and 450 N/mm
2
. For 
yield stress levels of 350 and 250 N/mm
2
 the ultimate loads have been reduced considerably 
and are seen to be 0.92 and 0.81PE. It is seen that relating to the yield stress level of ζY = 250 
N/mm
2
 the ultimate load of the imperfect column is noted to be some 16.05% lower than its 
perfect section.  
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Figure 5.12: Local-overall interaction behaviour - locally rotationally free at plate ends 
(PL/PE = 0.7789) 
Figure 5.13 shows the deformed states and growth of von Mises stresses on all surfaces of the 
section. The deformed states shown are in full-length and the von Mises stresses are in 
isometric views and taken from the nonlinear finite element analyses using the half-length 
quarter-model section. 
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Figure 5.13: Deformation images (a) and growth of von Mises stresses with load (b - 
outer surface 1, c - middle surface, d - outer surface 2) of Figure 5.12 (Quarter-model) 
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At load point locations 1 and 2, the von Mises stresses in all surfaces are found to be 
everywhere elastic which is less than the material yield stress level of ζY = 350 N/mm
2
 as 
indicated in Figure 5.13. At load level 2, the maximum stress is found to be 317 N/mm
2
 and it 
is seen that yielding has occurred in some parts of the web of the section, mainly from the 
nodal plane section junctions to the crest of the section on surfaces 1 and 2 at load level 3. 
The first yielding must have taken place between load levels 2 and 3. It can be seen that the 
column has nine numbers of local buckles and as the loading progresses the amplitudes of the 
local buckles increase. Load level 4 is essentially representing the final collapse conditions of 
the member before the unloading phase of its compressional behaviour, and it can be seen 
that more plastic yielding occurs from the nodal plane section junction to the crest of the web 
and flange sections on the compression sides of surfaces 1 and 2, but it is clear that complete 
yielding through wall thickness has not been reached. At load level 5, the column starts to 
unload and the central section of the column deflects much further. From the examinations 
made with regard to yield propagation during loading, at the ultimate load conditions 
pertaining to load levels 4 and 5, failure is closely associated with yielding in all areas of the 
compression sides of the web and flange elements of the sections on outer surfaces 1 and 2.  
Figure 5.14 shows the interactive response of pin-ended doubly symmetric I-section columns 
of length 900 mm, which are locally rotationally constrained at their plate ends, in the form of 
non-dimensional applied load-column central deflection equilibrium curves. It is clear that 
the columns stay straight from the beginning of loading and only start to deflect when they 
attain their ultimate conditions. Local buckling is first initiated which corresponds to a local 
to Euler buckling load ratio of PL/PE = 0.7789. The columns are modelled using half-length 
half-section finite element and compressed at the section geometric centroid between pinned 
ends. It is of note that the reduced Euler load and the ultimate loads corresponding to all yield 
stress levels are similar to those columns which are locally rotationally free. For the 
geometrically imperfect column in the order of wo = 0.6tw, with regards to the yield stress 
level of ζY = 250 N/mm
2
 the ultimate load of the imperfect column is noted to be some 
15.76% lower than its perfect section. It seems that the conditions at the constituent plate 
ends have no influence on the ultimate loads of the I-section members, but the reduction in 
the failure load for near simultaneous local buckling and yielding of the perfect section is 
seen to be lower than those having locally rotationally free columns.  
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Figure 5.14: Local-overall interaction behaviour with locally rotationally constrained at 
plate ends (PL/PE = 0.7789) 
The deformed states and growth of von Mises stresses on outer surface 1, middle surface and 
outer surface 2 of the section are depicted in Figure 5.15. The deformed states shown are in 
full-length and the von Mises stresses are in isometric views and taken from the nonlinear 
finite element analyses using the full-length half-model section. It can be seen that the 
column has eight numbers of local buckles and as the loading progresses the amplitudes of 
the local buckles increase. 
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Figure 5.15: Deformation images (a) and growth of von Mises stresses with load (b - 
outer surface 1, c - middle surface, d - outer surface 2) of Figure 5.14 (Full-model) 
At load point location 1 just after local buckling, the von Mises stresses on all surfaces are 
found to be elastic which is less than the material yield stress level of ζY = 350 N/mm
2
 as 
indicated in Figure 5.15. At load level 2, it is seen that yielding has occurred in the 
compression sides of surfaces 1 and 2 from the nodal plane section junction to the crest of the 
web and flange sections. The first yielding is found to take place between load levels 1 and 2. 
At load level 3, it is clear that complete yielding through the wall thickness has not been 
reached but complete spread in plastic yielding occurs from the nodal plane section junction 
to the crest of the web and flange sections on the compression sides of surfaces 1 and 2. Load 
level 3 is essentially representing the final collapse conditions of the member without 
attaining complete yielding through all its surfaces. The column starts to unload and the 
(a) (b) (c) (d) 
(a) (b) (c) (d) (a) (b) (c) (d) 
(a) (b) (c) (d) 
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central section of the column deflects much further at load level 4. From the examinations 
made with regard to yield propagation during loading, at the ultimate load conditions 
pertaining to load levels 2 and 3, similar to the other columns previously discussed, failure is 
closely associated with yield propagation across all areas of the compression sides of the web 
and flange elements of the sections on outer surfaces 1 and 2. 
 
5.3. PLAIN CHANNEL COLUMNS BEHAVIOUR 
The cross-section geometrical details for the channel-section columns are as those of the 
fixed-ended cases and shown again for convenience in Figure 5.16. The Z- and Y- axes are 
located at the section centroid with the Z-axis being in the plane of geometrical symmetry of 
the cross-section. The X-axis pointing out of the paper is the longitudinal axis along the 
member length. 
 
Figure 5.16: Geometric details of plain channel-sections. 
 
5.3.1 KINEMATIC BOUNDARY CONDITIONS 
As mentioned previously, only the interaction between local buckling and overall column 
bending is given due consideration and it is clear that single and double symmetry conditions 
can be employed. The modelling strategy simulating the pin-ended conditions of plain 
channel sections for the case of being locally rotationally constrained at the plate ends is 
shown in Figure 5.17. All web nodes are not allowed to rotate about the X- and the Z-axis. 
The flange nodes are not allowed to move in the Y-direction and not allowed to rotate about 
the X- and the Z-axis. In pin-ended conditions both column end cross-sections must be able 
to rotate about the Y-axis, thus, all nodes at the plate ends are formulated using MPC RBE2 
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to move in accordance to the displaced state of the independent node which is located at the 
centroid of the channel cross-section (i.e. location O in Figure 5.18).  This causes all web 
nodes to move in the X- and Z-direction by the same amount and all flange nodes to have a 
linear movement in the X-direction across the flange and through the neutral axis line. 
 
Figure 5.17: Boundary conditions at the webs and flanges for restrained out-of-plane 
rotation at plate ends 
Multipoint constraint (MPC) of type RBE2 has been used to simulate the pin-ended columns 
and allowing the end cross-section to rotate about Y-axis is shown in Figure 5.18. The 
independent node of RBE2 is chosen to be located at the centroid of the channel cross-section 
of the top and bottom ends of the column and be connected to all web nodes and all flange 
nodes (i.e. dependent nodes) as shown in Figure 5.18. The independent node of the top end is 
enforced to move in an incremental manner by a uniform compressional end displacement, u, 
and the independent node of the bottom end is constrained from moving in the longitudinal 
X-direction. Both independent nodes are not allowed to move in the Y- and Z-direction, and 
constrained from rotating about the X- and the Z-axis but free to rotate about the Y-axis. 
These constraints allow the columns to rotate about the minor Y-axis but restrain any bending 
about the major Z-axis as well as twisting about the X-axis. The degrees-of-freedom that 
define the relationship between the independent nodes and the dependent nodes are set to be 
UX, UZ and RY. All other boundary conditions will not be using MPC equations and are 
applied directly to the corresponding nodes of each of the plate ends. 
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Figure 5.18: Isometric view of plain channel section showing the boundary conditions at 
the column end 
In practice, however, the height of the pinned end bearing must be taken into account in the 
modelling strategy as shown in Figure 5.19. The independent node located at location O is 
raised by an amount equals to that of the pinned end bearing height. 
 
Figure 5.19: Modelling pinned end bearing at column end 
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For the case of being locally rotationally free at the plate ends shown in Figure 5.20, all the 
boundary conditions described for the locally rotationally constrained case are unaffected 
except the flange nodes are free to rotate about the Z-axis.  
 
Figure 5.20: Boundary conditions at the webs and flanges for free out-of-plane rotation 
at plate ends 
The effects of plate end boundary conditions of both cases, both locally rotationally 
constraint and free, with regard to the pinned end support conditions have been examined in 
this chapter. The symmetric boundary conditions described in Chapter 4 have been used to 
model the plain channel sections. The effects of using the quarter- and half-models and 
having the shape of local buckle crest and local buckle node at the central cross-section of the 
column have been examined. 
 
5.3.2 FINITE ELEMENT SIMULATIONS 
The finite element method, as described in Chapter 4 with regards to element type and size, 
load cases and solution sequence, has been used to simulate the compressional post-local 
buckling and overall bending interaction behaviour of the pin-ended channel section columns. 
The simulations use Element 75 quadrilateral shell element of the MSC/MARC finite element 
software to discretise the sections into finite element models. The interaction behaviour of the 
plain channel compression members was determined using the implicit nonlinear solution 
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sequence 600. Geometrical nonlinearity and the simplified elastic-perfectly plastic stress-
strain model have been included in the analyses. 
 
5.3.3 TYPICAL INTERACTION RESULTS 
Plain channel column of length 700 mm 
Figure 5.21 shows the axial load, non-dimensional end compression behaviour for plain 
channel short columns which are locally rotationally free at the plate ends and column length 
of 700 mm. The geometrical details are as shown in the figure with a Young‟s modulus E = 
207,000 N/mm
2
 and Poisson‟s ratio ν = 0.3. The columns are compressed at the section 
geometric centroid between the pinned ends. For columns modelled using full- and half-
section columns, one end of the column is being incrementally compressed while the opposite 
end is fixed and not moving. For columns simulated using quarter-models, both ends are 
being simultaneously compressed by the same amount. It is obvious that all finite element 
models give the same responses for elastic and elasto-plastic phase of behaviour and either 
one of them could be used in the analysis. 
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Figure 5.21: Load end compression response showing development of deformed state to 
load (locally rotationally free) 
In Figure 5.21, the compressional stiffness of pin-ended, thin-walled, plain channel short 
columns is drastically altered as a result of the local buckling of the section walls and local 
form change during loading, and this could also be associated with neutral axis shifts of the 
sections along the length and in return this increases the column flexibility to deflect. The 
interactive buckled mode shapes on the elastic equilibrium curve are as detailed in Figure 
5.21 and Figure 5.22. The deformed images of Figure 5.21 are taken by looking in a plane 
perpendicular to the plane of the web, whereas those of Figure 5.22 are viewed from a plane 
normal to the plane of the flanges and such that the overall column bending is visible. It can 
be seen that the column has five numbers of local buckles with buckle crest at column mid-
height. The deformation contours of the images show that at load location 1 the amplitudes of 
local buckles along the length are changing with maximum magnitude at the column centre. 
The effects of amplitude modulation of local buckles along the length have been discussed in 
Chapter 4. As loading progresses through point 2-6 the amplitudes of the local buckles and 
overall column bending continue to grow and this results in rapid deterioration in 
compression and flexural stiffness. It is seen that the pin-ended short columns exhibit 
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moderately stable interactive equilibrium behaviour and have not much post-buckling reserve 
strength when compared to that of the fixed-ended case.  
 
Figure 5.22: Load column central deflection behaviour showing development of 
deformed state to load (locally rotationally free) 
In Figure 5.22, it is clear that column deflections start from the onset of the local buckling 
load with an initial stable interactive response, but as the column bending develops the 
behaviour gradually changes to being unstable. Due to material plasticity, the elastic ultimate 
load is seen to be reduced from 16.42kN to about 15.59kN and 14.44kN corresponding to the 
yield stress levels of σY = 350 and 250 N/mm
2
 respectively. The ultimate load of the column 
is elastic for the case of yield stress level of σY = 550. Further investigation into the 
deformation shapes and the development of von Mises stresses for a column with a yield 
stress level of σY = 250 are shown in Figure 5.23. Both the deformed and the von Mises stress 
images depicted in Figure 5.23 are taken from the nonlinear finite element analyses using the 
full-model. 
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Figure 5.23: Deformation images (a) and growth of von Mises stresses with load (b - 
outer surface 1, c - middle surface, d - outer surface 2) of Figure 5.21 (full-model) 
In Figure 5.23, the von Mises stresses all over the columns are seen to be elastic which is less 
than the material yield stress level of ζY = 250 N/mm
2 at load point locations 1 and 2. At load 
level 3, yielding has been reached occurring in the flanges of the section on outer surfaces 1 
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and 2, and its location is noted to be mainly in the vicinity of the nodal plane of central local 
buckle. For the section considered with bf /bw = 0.5 it is believed that first yielding happens 
not long before load location 3. At load level 7 prior to ultimate conditions, yielding is seen 
to occur mostly in the flange elements of the section on outer surfaces 1 and 2 where at this 
point the free edges of the flanges are in compression due to column flexural bending. It is 
noteworthy that at this point yielding still has not progressed into the middle surface. At the 
ultimate load level 8, it is clear that complete yielding through the wall thickness still has not 
been reached, although von Mises yielding is seen to be everywhere for the most part in the 
flange elements of the section on outer surfaces 1 and 2. Load level 8 is essentially 
representing the ultimate conditions of the section prior to the unloading phase of its 
compressional behaviour. At post-ultimate load level 9, yield propagation through the section 
wall thickness is seen to occur in the flange elements and in the vicinity of the nodal planes of 
the buckle crest at column mid-height. From the observations made with respect to yield 
propagation with load and material yield stress level of 250 N/mm
2
, it is clear that failure is 
related to the weakening of the flange section walls in conjunction with the rapid failing of 
column flexural stiffness. This is evident at load level 8 as indicated in Figure 5.23. 
Figure 5.24 shows the axial load, non-dimensional end compression behaviour for pin-ended 
plain channel short columns which are locally rotationally constrained at plate ends. The 
column length is 700 mm and the geometrical details are as those related to columns which 
are locally rotationally free at their plate ends. Figure 5.24 also shows the responses derived 
from full-, half- and quarter-section columns, and it is clear that either one of them could be 
used in the analysis. 
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Figure 5.24: Load end compression response showing development of deformed state to 
load (locally rotationally constrained) 
In Figure 5.24, the compressional stiffness is significantly altered as a result of local buckling 
and continuing local form change during loading. It can be seen that the column has five 
numbers of local buckles with different magnitudes, and thus, the neutral axis of the sections 
at different locations along the length is moving and this results in increases to the column 
eccentricity. During loading from point 1 to 6, the growth in amplitudes of the local buckles 
and overall column bending results in rapid weakening of compression and flexural stiffness. 
It can be concluded that the pin-ended short columns exhibit rather stable interactive 
equilibrium behaviour with a small amount of post-buckling reserve strength when compared 
to that of the fixed-ended case.  
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Figure 5.25: Load column central deflection behaviour showing development of 
deformed state to load (locally rotationally constrained) 
In Figure 5.25, column deflections begin from the onset of local buckling load with an initial 
stable interactive response, but this gradually changes to being unstable. The elastic ultimate 
load is seen to be reduced as a result of material plasticity from 16.38kN to about 15.48kN 
and 14.35kN corresponding to the yield stress levels of σY = 350 and 250 N/mm
2
 
respectively. The ultimate load of the column is elastic for the case of yield stress level of σY 
= 550. Further investigation into the deformation shapes and the development of von Mises 
stresses for column with a yield stress level of σY = 250 are shown in Figure 5.26. Both the 
deformed and the von Mises stress images depicted in Figure 5.26 are taken from the 
nonlinear finite element analyses using the full-model. 
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Figure 5.26: Deformation images (a) and growth of von Mises stresses with load (b - 
outer surface 1, c - middle surface, d - outer surface 2) of Figure 5.24 (full-model) 
In Figure 5.26, the von Mises stresses are seen to be entirely elastic which is less than the 
material yield stress level of ζY = 250 N/mm
2
 at load point locations 1 and 2. At load level 3, 
the maximum stress is seen to be 246 N/mm
2
 occurring in the flanges of the section on outer 
(a) (b) (c) (d) 
(a) (b) (c) (d) 
(a) (b) (c) (d) (a) (b) (c) (d) 
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surfaces 1 and 2, and its location is noted to be in the vicinity of the nodal plane of central 
local buckle. For the section considered with bf /bw = 0.5, it is believed that first yielding 
happens not long after load location 3. At load level 7, the free edges of the flanges are in 
compression due to column flexural bending and yielding takes place mostly in the flange 
elements of the section on outer surfaces 1 and 2. It can be seen that at this point yielding still 
has not crept into the middle surface. At the ultimate load level 8, full yielding in all surfaces 
has still not been reached, although von Mises yielding is everywhere for the most part of the 
flange elements on outer surfaces 1 and 2. Load level 8 is essentially representing the 
ultimate conditions of the section prior to the unloading phase of its compressional behaviour. 
At post-ultimate load level 9, yield propagation through the section wall thickness is seen to 
occur in the flange elements and in the vicinity of the nodal planes of the buckle crest at 
column mid-height. From the observations made with respect to material yield stress level of 
250 N/mm
2
, failure is due to the weakening of the flange section walls along with rapid 
failing of column flexural stiffness. This is evident at load level 8 as indicated in Figure 5.26. 
Plain channel column of length 1300 mm 
Figure 5.27 shows the axial load, non-dimensional end compression behaviour of pin-ended 
plain channel columns which are locally rotationally free at the plate ends. The column length 
is 1300 mm with the same geometrical details and material properties as those of length 700 
mm. The interactive local-overall deflected states on the elastic equilibrium curve are 
depicted in Figure 5.27 and Figure 5.28, and it is worth mentioning that the column has ten 
numbers of local buckles indicating local buckle node at column mid-height. It can be seen 
that all finite element models generate similar responses in the elastic and elasto-plastic range 
of behaviour and either one of them could be used in the analysis. 
In Figure 5.27, the compressional stiffness of plain channel long columns is severely altered 
as a result of the local buckling of the section walls and local form change during loading. At 
load location 1, amplitude modulation of local buckles along the length is evident with 
maximum magnitude at the column centre as indicated by the deformation contours of the 
images. Rapid decrease in compression and flexural stiffness is evident as a result of the 
development in amplitudes of the local buckles and overall column bending as shown in 
Figure 5.27 and Figure 5.28 through point 2-6.  
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Figure 5.27: Load end compression response showing development of deformed state to 
load (locally rotationally free) 
 
Figure 5.28: Load column central deflection behaviour showing development of 
deformed state to load (locally rotationally free) 
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Figure 5.28 shows the responses of column central deflection to axial load. It is to be noted 
that longer plain channel columns display immediate unstable interactive responses after the 
onset of local buckling when compared to those of the shorter length. The behaviour of the 
column is similar to those which are locally rotationally constrained at their plate ends, in 
showing stable interactive responses in the beginning but very rapidly transforming to being 
unstable as the column deflections grow. The ultimate load of the column is elastic not long 
after the onset of local buckling and thus the nature of the equilibrium of the pin-ended plain 
channel long column is seen to become more highly unstable. For the case of a material yield 
stress level of σY = 250 N/mm
2
 and for other high yield stress levels, it is of note that material 
plasticity does not have an effect on the column strength since the column becomes elasto-
plastic in nature only just after elastic ultimate conditions. 
The interactive buckled mode shapes and von Mises stresses at locations 1-3 and 7-9 with 
regards to a material yield stress level of σY = 250 N/mm
2
 are as detailed in Figure 5.29. The 
von Mises stresses are elastic in all surfaces at load point locations 1 and 2, where the stresses 
are found to be less than the material yield stress level of ζY = 250 N/mm
2
. At load level 2, 
the maximum stresses are found to be 210 N/mm
2
 and 205 N/mm
2
 on outer surfaces 1 and 2, 
respectively. Load level 2 is essentially signifying the ultimate condition of the member and 
thus the ultimate load is elastic. In post-ultimate conditions and at load level 3, yielding has 
been reached and is located in the vicinity of the nodal plane of the flanges mainly in the 
central column region on outer surfaces 1 and 2. It is found that first yielding takes place just 
before load level 3. At load level 7 the growth of yielding is seen to take place from the 
section nodal planes towards the buckle crest at the column mid-height on outer surfaces 1 
and 2. The maximum stress on the middle surface is noted to be 145 N/mm
2
, occurring in the 
vicinity of the nodal planes of the flange elements at load level 7. Load levels 8 and 9 are 
approximately the same, and complete yielding through the wall thickness has not been 
reached even though the column has attained its ultimate conditions as indicated in Figure 
5.32. 
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Figure 5.29: Deformation images (a) and growth of von Mises stresses with load (b - 
outer surface 1, c - middle surface, d - outer surface 2) of Figure 5.27 (full-model) 
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Figure 5.30 shows the axial load, non-dimensional end compression behaviour of pin-ended 
plain channel columns which are locally rotationally constrained at their plate ends. The 
column length is 1300 mm and all geometrical details and material properties are similar to 
those of the plain channel columns previously discussed. In the elastic and elasto-plastic 
range of behaviour, it is evident that all finite element models produce similar responses and 
either one of them could be used in the analysis. 
In Figure 5.30, due to local buckling and local form change during loading, the 
compressional and flexural stiffness of plain channel long columns is severely altered and 
this could also be related to the neutral axis shifts of the sections along the length and in 
response increasing the eccentricity and the deflect in column flexibility. Figure 5.30 and 
Figure 5.31 show the interactive buckled mode shapes on the elastic equilibrium curve and it 
can be seen that the column has nine numbers of local buckles with buckle crest at column 
mid-height. At load location 1 the amplitudes of local buckles along the length are changing 
with maximum magnitude at the column centre as indicated by the deformation contours of 
the images. Quick failing in compression and flexural stiffness is evident as a result of the 
growth in amplitudes of the local buckles and overall column bending as shown in Figure 
5.30 and Figure 5.31 through point 2-6. It is obvious that as the column length increases the 
columns exhibit quick, unstable interactive responses in the post-buckling phase of behaviour 
when compared to those of the shorter length. 
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Figure 5.30: Load end compression response showing development of deformed state to 
load (locally rotationally constrained) 
 
Figure 5.31: Load column central deflection behaviour showing development of 
deformed state to load (locally rotationally constrained) 
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The axial load and column central deflection behaviour is shown in Figure 5.31. It is to be 
noted that for the pin-ended long columns, central column deflections take place just after the 
onset of local buckling and the columns exhibit unstable interactive equilibrium behaviour. 
At first the column exhibits a stable interactive response, but this very quickly changes to 
being unstable as the column deflections develop. The ultimate load of the column is elastic, 
and instability takes place just after the onset of local buckling. It can be seen from Figure 
5.31 that when material plasticity is included in the analysis the response of the column 
becomes elasto-plastic not long after the elastic ultimate conditions, and thus the nature of the 
equilibrium of the pin-ended long column is more extremely unstable. For the case of a 
material yield stress level of σY = 250 N/mm
2
 the interactive buckled mode shapes and von 
Mises stresses at locations 1-3 and 7-9 are as detailed in Figure 5.32.  
In Figure 5.32, the von Mises stresses are seen to be elastic in all surfaces at load point 
locations 1 and 2, where the stresses are found to be less than the material yield stress level of 
ζY = 250 N/mm
2
. Load level 2 is essentially representing the ultimate conditions of the 
member before the unloading phase takes place. As unloading continues, yielding is reached 
and located in the flanges of the section on outer surfaces 1 and 2 and mainly in the vicinity 
of the central region on the nodal planes at load level 3. It is found that first yielding takes 
place just before load levels 3. At load level 7 von Mises yielding at ζY = 250 N/mm
2
 is seen 
to spread in the flange elements from the section nodal planes towards the buckle crest at its 
mid-height on outer surfaces 1 and 2. The maximum stress of load level 7 on the middle 
surface is noted to be 158 N/mm
2
 occurring on the nodal planes of the flange elements. Load 
levels 8 and 9 are almost identical as indicated in Figure 5.32. It is clear from this that 
complete yielding through the wall thickness has not been reached but the column has 
attained its ultimate conditions.  
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Figure 5.32: Deformation images (a) and growth of von Mises stresses with load (b - 
outer surface 1, c - middle surface, d - outer surface 2) of Figure 5.30 (full-model) 
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5.4. COMPARISON WITH TESTS AND ANALYTICAL 
PROCEDURES 
The validation of the FEM analysis with regards to pin-ended conditions is considered very 
important in order to produce reliable results and represent the true physical behaviour of the 
thin-walled structures under consideration. Validation is a process to confirm that a method 
of analysis (e.g. the developed FEM analysis) is consistently generating similar results with 
those obtained from other analytical solution procedures, independent simulations, or 
independent experimental test work. The process of validation is attempted and presented in 
this section.  
Validation between finite element simulation and the independent experimental work of 
Young and Rasmussen [91] for pin-ended plain channel columns is shown to be very good as 
depicted in Figure 5.33 and Figure 5.34. Figure 5.33 shows the column central deflection 
response to load while Figure 5.34 shows the load end compression behaviour of the pin-
ended columns. The details of the centreline dimensions of the test columns under 
consideration are as indicated in Figure 5.33. The dimension of the pin-ended support 
bearings of the test (in the order of 95 mm at each end) is included in the finite element 
simulation, and thus the total length between the pins is 755 mm long. The column length 
according to the test is just 565 mm. The finite element simulations correspond to the small 
local geometric imperfection levels of wo = 0.05 mm and the material model in the 
simulations employs the actual steel stress-strain data obtained from coupon tests of the 
column material. The unstable interaction of the compressed pin-ended members is readily 
predicted as depicted by the test.  
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Figure 5.33: Column load-deflection comparisons with experimental tests. 
Figure 5.34 shows the applied load, end compression plot of the plain channel column. It can 
be seen that the column response to load from the simulation successfully follows that of the 
tested column. The compression history starts from the beginning of the applied loading 
through linear and nonlinear elastic range and elasto-plastic post-buckling period to ultimate 
plastic collapse and then through the plastic unloading phase of behaviour. The ultimate load 
of the simulation is in the order of 38.85kN whilst that of the test is reported to be 38.45kN 
and the difference between the two is 1.04%.  
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Figure 5.34: Load-end compression comparisons with experimental tests. 
Figure 5.35 shows the validation analyses between finite element simulation and the 
independent semi-energy analysis procedure of Loughlan [51] for pin-ended plain channel 
columns. The comparisons for the PL/PE ratios of 0.2, 0.4, 0.6, 0.8 and 1.0 are shown to be 
very good, particularly in the early phases of interaction. The finite element simulations with 
higher degree of flexibility in the fine mesh finite element models are noted to be more 
precise in the advanced phases of interaction. The overall bending behaviour of a locally 
buckled column comes from the solution of a differential equation. The geometrical details of 
pin-ended plain channel columns are shown in Figure 5.35 and the material considered is 
steel with a Young‟s modulus E = 207,000 N/mm2 and Poisson‟s ratio ν = 0.3. The lengths of 
the columns are such that the ratio of the local to the Euler buckling load PL/PE is varied from 
0.2 to 1.0 in increments of 0.2. Figure 5.35 clearly illustrates the unstable local-
global/flexural interaction behaviour of ideal pin-ended plain channel columns from the onset 
of local buckling for longer column designs, and that for shorter columns the state of the 
equilibrium is initially stable but immediately becomes unstable at loads not far beyond the 
local buckling load. 
196 
 
 
Figure 5.35: Unstable interaction of pin-ended plain channel columns. 
 
In Figure 5.35 and with regards to the finite element results, it is clear that for column designs 
with PL/PE > 0.70, the equilibrium behaviour is unstable and the failure load of the column is 
the local buckling load, whereas for column designs with PL/PE < 0.70, the equilibrium 
behaviour is fairly stable from the onset of local buckling but quickly changes to being 
unstable due to local form change during post-local buckling interaction.  
Figure 5.36 shows the effects of the column imperfection of Figure 5.35 with PL/PE = 1.0 and 
the comparison between the finite element simulation and the semi-energy analysis procedure 
of Loughlan [51]. Both sets of equilibrium curves clearly depict very similar characteristics. 
The ultimate load levels of pin-ended plain channel columns which exhibit unstable 
equilibrium behaviour are considerably reduced as depicted in Figure 5.36. The finite element 
models of Figure 5.36 employ the lowest local eigenmode as the geometrical imperfection 
with maximum amplitudes of wo = 0.1tf and wo = 0.2tf. Figure 5.36 emphasizes the 
imperfection sensitivity of simultaneous mode design which gives the most severe level of 
unstable interaction and thus its ultimate load is seen to be very much reduced due to the 
local imperfection magnitudes considered. The load reductions using the finite element 
simulation are in the order of 20% and 29% with the corresponding values from Loughlan 
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[51] being 23% and 31.5% for the imperfection levels of wo = 0.1tf and wo = 0.2tf, 
respectively. 
 
Figure 5.36: Imperfection sensitivity of pin-ended simultaneous mode design. 
 
5.5. CONCLUDING REMARKS 
This chapter has examined the effect of pinned end conditions on the compressive response 
of doubly-symmetric I-sections and singly-symmetric plain channel sections through the 
development of appropriate finite element modelling strategies. The unstable nature of the 
local-overall/flexural interactive behaviour of pin-ended columns has been highlighted.  
For the case of doubly-symmetric I-section columns, it has been shown that the columns have 
stable interactive responses from the beginning of loading and column deflections only begin 
when the columns attain their ultimate conditions. The failure has been shown to be closely 
associated with yield propagation across all areas of the compression sides of the web and 
flange elements of the sections on the outer surfaces. No distinctive differences on the 
behaviour of the I-section columns with regards to the local end boundary conditions (i.e. 
locally rotationally free and locally rotationally constrained) have been shown. 
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For the case of singly-symmetric pin-ended plain channel columns whose initial buckling is 
in the local mode, it has been shown that overall column deflections are initiated from the 
onset of local buckling for both local end boundary conditions, locally rotationally free and 
locally rotationally constrained. It has also been shown that pin-ended plain channel columns 
are sensitive to geometrical imperfections and to unstable post-local buckling behaviour. 
Columns which have a local buckling to Euler buckling ratio tending towards unity are 
shown to be particularly imperfection sensitive with unstable unloading behaviour being in 
evidence almost from the onset of local buckling. Columns whose local buckling to Euler 
buckling ratio is considerably lower than unity are shown to behave in a stable manner 
initially after local buckling but due to local form change their behaviour soon becomes 
unstable and the ultimate load can be associated with elastic conditions with material yielding 
occurring in the post ultimate phase of behaviour. 
The finite element simulations have been shown to be in good agreement with the findings 
from independent experimental tests and analytical semi-energy analysis procedures. It is 
worth pointing out that the work in this chapter has resulted in the publication of one refereed 
conference paper, Loughlan & Yidris [125].
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Chapter 6  
 
LOCAL-DISTORTIONAL-GLOBAL/FLEXURAL 
INTERACTION BEHAVIOUR OF LIPPED CHANNEL 
MEMBERS 
 
6.1. INTRODUCTION 
Over the years, many researchers have examined the coupled instabilities of compressed thin-
walled sections and a considerable amount of research has been published pertaining to the 
influence of different buckling modes of interactions. In the past, fellow researchers [76, 79, 
84, 85] have claimed that local buckling does not induce overall flexural bending of fixed-
ended singly-symmetric columns, thus, the influence of column deflections in the local-
distortional buckling interaction of compressed lipped channel sections in particular has been 
overlooked. In this chapter, based on the finite element simulation developed in Chapter 4, 
the findings discovered there suggested that for the case of uniformly compressed singly-
symmetric section columns which are locally rotationally constrained at their plate ends, 
column deflections do in fact occur from the onset of local buckling. Thus, the post-local-
distortional compressive buckling failure of thin-walled steel lipped channel columns is 
examined giving due consideration to the influence of column deflections immediately 
following local buckling. The columns analysed are uniformly compressed and locally 
rotationally constrained at their plate ends, and can be termed as globally fixed-ended at their 
supports. The columns to be investigated numerically are those which were experimentally 
tested by Adetoro [102]. By using appropriate finite element strategies and simulations, the 
failure mechanisms shown in the tests [102] can be examined, described and understood. It is 
worth pointing out that the results from finite element simulations are shown to be in close 
agreement with the test strengths and failure mechanisms from the tests. It is shown also for 
the case of singly-symmetric lipped channel sections that the existence of column deflections 
from the onset of local buckling, whilst being small nevertheless has a significant influence 
on the failure process of the columns. 
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6.2. FINITE ELEMENT SIMULATIONS 
Element 75 quadrilateral shell element of the PATRAN/NASTRAN/MARC finite element 
software has been used in the finite element simulations to discretise the fixed-ended lipped 
channel columns and to formulate the finite element models. A brief description of the 
Element 75 shell element, which is particularly appropriate for dealing with the post-local-
distortional-global/flexural interaction response of thin-walled sections involving the 
interaction of the local bending and the membrane stretching of the section walls, has been 
given in section 4.2.5. The influence of geometric nonlinearity as well as elasto-plastic 
material nonlinearity using the actual stress-strain model has been included in the interaction 
behaviour of the sections and this was determined using the nonlinear static solution 
sequence SOL 600. That co-existence of local buckling, distortional buckling, global flexural 
buckling and material plasticity is permitted in the finite element model will involve complex 
structural mechanics of local-distortional-global/flexural interactions and some levels of 
imperfection sensitivity which should not be ignored in the analysis. 
Appropriate loading and boundary conditions have been employed in a suitably refined finite 
element model to correctly capture the complete compressional loading history and to 
accurately predict the growth of material yielding and the final failure mechanisms of the 
columns. The use of symmetry has been employed in the modelling process for 
computational efficiency. 
 
Figure 6.1: Geometric details of the lipped channel-sections. 
The typical cross-section geometrical details for the lipped channel-section columns are 
shown in Figure 6.1. The columns have a length L, the width of the web and flanges are 
denoted by bw and bf  respectively and both the web and flanges have the thickness of tw and tf 
as indicated. It is to be noted that the cross section dimensions bw and bf are the mid-surface 
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dimensions. The Y- and Z-axes are acting at the section centroid, with the Y-axis being 
parallel with the web edge of the section whilst the Z-axis being parallel with the edge of the 
flanges as shown in Figure 6.1. In addition, the Z-axis is located in the planes of geometrical 
symmetry of the cross-section. The positive direction of the longitudinal X axis is pointing 
out of the paper and acting along the member length. 
The determination of the correct response of the columns to the applied loading depends on 
the kinematic boundary conditions imposed on the finite element models. It is worth 
mentioning that the behaviour of overall torsional-flexural buckling is precluded from this 
study since the tests showed no global flexural-torsional behaviour and all final failure 
mechanisms were symmetrically disposed about the geometrical axis of symmetry of the 
lipped channel cross-sections. Thus symmetry conditions can be applied to the finite element 
models and the interaction behaviour can be readily determined in this way. 
Since the lipped channel section column is geometrically symmetrical about the Z-plane as 
indicated in Figure 6.1, it was sufficient to analyse one full length half of the column and thus 
the boundary conditions imposed on the symmetry lines are the same as those described in 
Chapter 4. 
The end conditions of the experimental tests were as such that the ends are locally 
rotationally constrained, and the column at one end is compressed to move by the same 
amount axially in the X-direction along the column whilst the opposite end is fixed and not 
allowed to move in the X-direction. Hence, to replicate the conditions as closely as possible 
to those of the experimental tests, the boundary conditions imposed at the nodes of the end 
cross-sections of the finite element model are the same as those of the locally rotationally 
constrained columns described in Chapter 4. 
 
6.3. TYPICAL COMPARISON BETWEEN SIMULATIONS WITH 
TESTS 
It is worth providing a  brief description of some of the details in the test programme done by 
Adetoro [102], which covered some 20 steel lipped channel section columns of varying cross 
sectional dimensions and column lengths. The purpose of the test was to examine the 
influence of local buckling on the behaviour of the lipped channel columns for the case of the 
202 
 
fixed-ended boundary condition. All important data including the column dimensions, the 
material stress-strain data, the experimental failure loads, the load-end shortening data, the 
imperfection measurements and the images of the test columns after failure were recorded 
and reported. It is interesting to note that the final failure mechanisms observed from the 
photos of the tests of Adetoro [102] were located away from the column mid-height for most 
of the test columns, although, in two cases, columns 16 and 17, the mechanisms were close to 
the column mid-height. 
It is predicted that based on the final failure forms of the test columns, geometric 
imperfections will be of significant importance concerning the behaviour of these columns. 
The influence of local and distortional imperfection modes is considered as well as different 
combinations of both modes in order to replicate the conditions as closely as possible to those 
of the experimental tests. Combined imperfections involving different types of buckling 
modes can be introduced into the finite element models using an eigenmode mapping 
technique such that different buckling eigenmodes are mapped on top of the finite element 
mesh grid of the first mapped eigenmode and both modes of buckling corresponding to the 
specified maximum imperfection amplitudes.  
The centreline dimensions of the geometrical data and the experimental failure load of the 
columns are summarized and shown in Table 6-1. The ends of the columns were encased in 
cerroband and were uniformly compressed. Four groups of five columns were considered and 
within each group the columns had approximately similar cross-sectional dimension but had 
five different lengths ranging from 1.0m to 1.8m in 0.2m increments. The test columns were 
made by a press braking process from three sheets of 20 SWG mild steel and the material 
properties of each of the steel sheets were determined by the tensile test. 
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Table 6-1: Summary of Test Column Dimensions and Experimental Failure Loads. 
Test 
Group Column 
No. 
Midline Dimensions 
t 
(mm) 
L 
(mm) 
Pult (kN) bw 
(mm) 
bf 
(mm) 
bl 
(mm) 
 
 
1 
1 178.04 62.70 12.22 0.96 1800 28.80 
2 178.70 63.13 11.80 0.96 1600 31.50 
3 178.54 62.84 12.29 0.96 1400 31.36 
4 179.54 63.04 11.77 0.96 1200 31.75 
5 178.64 63.04 11.87 0.96 1000 31.85 
 
 
2 
6 152.24 56.08 10.52 0.96 1800 29.80 
7 151.84 56.87 10.52 0.96 1600 29.35 
8 151.54 56.79 11.02 0.96 1400 30.00 
9 151.54 56.64 10.92 0.96 1200 28.10 
10 151.04 57.04 10.58 0.96 1000 29.50 
 
 
3 
11 127.34 49.04 9.72 0.96 1800 29.17 
12 127.34 49.65 8.52 0.96 1600 26.74 
13 127.64 49.61 9.52 0.96 1400 29.85 
14 127.04 49.04 9.02 0.96 1200 30.10 
15 127.04 49.54 9.02 0.96 1000 29.80 
 
 
4 
16 101.05 63.04 12.02 0.96 1800 29.10 
17 100.64 63.04 12.02 0.96 1600 32.35 
18 100.58 63.04 12.02 0.96 1400 29.80 
19 100.44 63.04 12.02 0.96 1200 32.70 
20 100.54 63.04 12.02 0.96 1000 29.80 
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It is worth pointing out that the flexural displacements at the centre of the column tested by 
Adetoro [102] after local buckling are present but evidently small, and it is expected that 
post-buckling interaction leads to the association of the different modes of buckling. 
 
Comparison between FE and column 4 
Figure 6.2 shows the axial load, end-compression response from the finite element simulation 
for lipped channel column 4. The cross sectional details are as indicated in Figure 6.2. The 
material considered is steel with actual stress-strain data and thus Young‟s modulus E = 
197,000 N/mm
2, yield stress σY = 190 MPa and Poisson‟s ratio ν = 0.3. The material model 
consists of the linear elastic range through the onset of the limit of proportionality and the 
elasto-plastic phase of behaviour. The lowest local buckling mode has been used as the 
imperfect form and the maximum imperfection amplitude is in the order of wo = 0.5 mm. The 
local buckling load level is found to be at Pcr = 8.941 kN as indicated in Figure 6.2. The 
numbers indicated in Figure 6.2 are the load locations in which the corresponding deformed 
states are depicted in the figure. The deformed states throughout the compression period are 
at a magnification of 3 times. 
 
Figure 6.2: Column 4 load-end compression response and comparison with test 
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The end compression behaviour is seen to be nonlinear from the onset of the applied loading 
as a result of the local imperfections. In addition, the local-global/flexural interaction takes 
place from the beginning of the applied loading, although the flexural displacements are 
small. There are 8 numbers of local buckles at load point 1, resulting in a buckle node at the 
column mid-height and in amplitude modulation along the column length. From the 
deformation images of point 1 through 4 it is seen that the sizes of the local buckles along the 
length change whereby some of them elongate in longitudinal direction whereas several 
others seem to reduce in sizes. Further loss in compression stiffness is observed which is 
caused by material non-linearity as well as possibly due to the start and growth of distortional 
buckling through points 4-5. From load point 4 onwards, the interaction is local-distortional-
global/flexural and the response is elasto-plastic in nature. At load point 5 the changes in 
magnitude of the local buckles are more visible due to perhaps the inwards and outwards 
movements of the flange-lips. At load point 6 the column loses its effectiveness to sustain 
more load as the flange-lips junctions start to close/open inwards/outwards, and as a result a 
plastic mechanism starts to form across the lipped channel section at the location where the 
flange-lip junctions are opening outwards and the column begins to unload through stages 6-
8. During these stages, the deformation becomes more focused in the mechanism region and 
eventually a permanent failure mechanism is formed at load point 8. Comparison between the 
final failure mechanism from the simulation procedure and that of the test is seen to be very 
good relating to both its final deformed state across the section and its location along the 
column length. The failure load for column 4 from finite element simulation is found to be 
32.34 kN and this compares well with the test value of 31.75 kN as indicated in Figure 6.2. 
Figure 6.3 illustrates the load-end compression plot showing the von Mises stresses images in 
the middle surfaces corresponding to the numbers shown on the equilibrium curve. The 
propagation of plastic yielding with load can be visualized at the load locations and the most 
probable mechanism of failure at plastic collapse can be determined. 
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Figure 6.3: Column 4 growth of von Mises stresses in middle surface 
At load point locations 1 through 4, the von Mises stresses are everywhere elastic as indicated 
in Figure 6.3, where the stresses are noted to be everywhere less than the material yield stress 
level of ζY = 190 N/mm
2
. At load level 4, the maximum stress is seen to be 167 N/mm
2
, 
however, the maximum stress on the outer surfaces is in the order of 174 N/mm
2
. For the 
section considered it is found that first yielding on the outer surfaces takes place between 
load levels 4 and 5. At load level 5 von Mises yielding at ζY = 190 N/mm2 is seen to take 
place on the middle surface in the vicinity of the section junction. Moreover, a higher stress 
level is observed to be more developed in the flange elements of the section and perhaps due 
to the start of the opening and closing of the flange-lip sections. Just after load level 5, the 
column begins to unload steadily as a result of local-distortional-global/flexural interaction. 
At load level 6, it is clear from this that complete yielding through the wall thickness has 
been reached at the section junction, mostly at the flange-lip junctions which are opening 
outwards. At load level 7 and 8, it is evident that intense von Mises yielding develops in the 
plastic mechanism region and eventually a permanent failure mechanism is formed at point 8. 
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Comparison between FE and column 8 
Figure 6.4 shows the load-end compressional response from the finite element simulation for 
column 8 and the geometrical details are as indicated in the figure. For the case of column 8, 
the second local mode and the first distortional buckling mode have been employed as the 
imperfect form and the maximum imperfection amplitude for each mode is in the order of 
0.75 mm. The local buckling load level is found to be at Pcr = 10.808 kN as indicated in 
Figure 6.4. The actual stress-strain data has been used for the material model in the finite 
element simulation with E = 200 GPa, Yield Stress σY = 218 MPa and Poisson‟s Ratio υ = 
0.3. 
 
 
Figure 6.4: Column 8 load-end compression response and comparison with test 
In Figure 6.4, the non-linear behaviour and the local-global/flexural interaction are noted to 
start from the beginning of loading due to the local imperfections. As mentioned previously, 
the second local mode shape has been used as the imperfect shape and this results in a buckle 
node at the column mid-height as shown in the deformation image at point 1. The loss in 
compressional stiffness from the beginning of the applied loading through points 1-4 is due to 
out-of-plane buckles of the section walls and local buckle form change along the column 
length. Further loss in stiffness is observed from point 4 onwards as a result of material non-
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linearity and the initiation of interaction between local-global/flexural and distortional 
buckling. At point 5 a plastic mechanism takes place across the lipped channel section at the 
point where the flange-lip junctions are opening outwards, and this eventually results in the 
elasto-plastic unloading of the column through points 6-8. During these stages, the 
deformation becomes more focused in the mechanism region and eventually a permanent 
failure mechanism is formed at load point 8. The test failure form image is seen to compare 
favourably with that of the finite element simulation as shown in Figure 6.4. The failure load 
for column 8 from finite element simulation is found to be 29.72 kN and this compares well 
with the test value of 30.0 kN as indicated in Figure 6.4.  
Figure 6.5 shows the load-end compression plot for column 8 with von Mises stress images 
in the middle surface corresponding to the numbers shown on the end compression plot of 
Figure 6.5. 
 
Figure 6.5: Column 8 growth of von Mises stresses in the middle surface 
At load point locations 1-3, the von Mises stresses are everywhere elastic as indicated in 
Figure 6.5, where the stresses are noted to be everywhere less than the material yield stress 
level of ζY = 218 N/mm
2
. At load level 4, the von Mises yielding through the wall thickness 
has been reached at one particular location where the flange-lip junctions are opening 
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outwards and in the vicinity of the section junction as shown in Figure 6.5. It is believed that 
first yielding occurs between load levels 3 and 4. At load level 5 von Mises yielding at ζY = 
218 N/mm2 is seen to occur in the web and flange elements of the section on the outer 
surfaces, mostly in the area described at load level 4 and in the vicinity of the section 
junction. It is evident that yield propagation has taken place through the section wall 
thickness at the critical location and consequently the plastic mechanism is triggered and 
essentially this represents the ultimate conditions of the section prior to the unloading phase 
of its compressional behaviour. During the unloading phase of behaviour at load level 6, the 
von Mises membrane yielding grows to be more focused in the mechanism region and thus a 
permanent failure mechanism is formed at point 6. From the observations made with respect 
to yield propagation with load it is perhaps most relevant to point out that at the ultimate load 
condition pertaining to load level 5, it is clear that failure is closely associated with the 
growth of distortional buckling plus the complete through-the-thickness yielding at a 
particular critical point in the vicinity of section junctions which initiate these plastic 
mechanisms.  
Figure 6.6 shows the load-end compression response from the finite element simulation with 
the experimental test for column 8. It is clear that finite element analysis produces good 
agreement with the test. The ultimate collapse of column 8 is in the order of 1.2 mm end 
compressional displacement u, and by using the finite element simulation the progress of the 
compression from the onset of loading through the nonlinear elastic and elasto-plastic post-
buckling phases of behaviour to final collapse and unloading can be monitored.  
210 
 
 
Figure 6.6: Column 8 load-end compression comparison between FE and test 
Comparison between FE and column 9 
Figure 6.7 shows the load-end compressional response from the finite element simulation for 
column 9 and the geometrical details are as indicated in the figure. For the case of column 9, 
the second local mode and the first distortional buckling mode have been employed as the 
imperfect form and the maximum imperfection amplitude for each mode is in the order of 
0.25 mm. The local buckling load level is found to be at Pcr = 10.818 kN as indicated in 
Figure 6.7. The actual stress-strain data has been used for the material model in the finite 
element simulation with E = 200 GPa, Yield Stress σY = 218 MPa and Poisson‟s Ratio υ = 
0.3. 
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Figure 6.7: Column 9 load-end compression response and comparison with test 
In Figure 6.7, the non-linear behaviour and the local-global/flexural interaction are noted to 
start from the beginning of loading due to the local imperfections. As mentioned previously, 
the second local mode shape has been used as the imperfect shape and this results in a buckle 
node at the column mid-height as shown in the deformation image at point 1. The loss in 
compressional stiffness from the beginning of the applied loading through points 1-4 is due to 
out-of-plane buckles of the section walls and local buckle form change along the column 
length. Further loss in stiffness is observed from point 4 onwards as a result of material non-
linearity and the initiation of interaction between local-global/flexural and distortional 
buckling. At point 6 a plastic mechanism takes place across the lipped channel section at the 
point where the flange-lip junctions are moving in, and this eventually results in the elasto-
plastic unloading of the column through points 6-8. During these stages, the deformation 
becomes more focused in the mechanism region and eventually a permanent failure 
mechanism is formed at load point 8. The failure load for column 9 from finite element 
simulation is found to be 28.217 kN and this compares well with the test value of 28.1 kN as 
indicated in Figure 6.7. 
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Figure 6.8 shows the load-end compression plot for column 9 with von Mises stress images 
in the middle surface corresponding to the numbers shown on the end compression plot of 
Figure 6.8. 
 
Figure 6.8: Column 9 growth of von Mises stresses in the middle surface 
At load point locations 1-3, the von Mises stresses are everywhere elastic as indicated in 
Figure 6.8, where the stresses are noted to be everywhere less than the material yield stress 
level of ζY = 218 N/mm
2
. At load level 4, von Mises yielding starts to take place on the 
middle surface. At load level 5, the von Mises yielding through the wall thickness has been 
reached more at location where the flange-lip junctions are opening outwards and in the 
vicinity of the section junction as shown in Figure 6.8. It is believed that first yielding occurs 
between load levels 3 and 4. At load level 6 von Mises yielding at ζY = 218 N/mm2 is seen to 
occur in the web and flange elements of the section on the middle surface, mostly in the 
vicinity of the section junction along the length and essentially this represents the ultimate 
conditions of the section prior to the unloading phase of its compressional behaviour. During 
the unloading phase of behaviour at load level 7, the von Mises membrane yielding grows to 
be more focused in the mechanism region and thus a permanent failure mechanism is formed 
at point 8 where the flange-lip junctions are moving in. From the observations made with 
respect to yield propagation with load it is perhaps most relevant to point out that at the 
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ultimate load condition pertaining to load level 6, it is clear that failure is closely associated 
with the growth of distortional buckling plus the complete through-the-thickness yielding 
along the length in the vicinity of section junctions.  
Figure 6.9 shows the load-end compression response from the finite element simulation with 
the experimental test for column 9. It is clear that finite element analysis produces good 
agreement with the test. Although the comparisons with regard to the failure load and the 
load-end compression response are good, the test failure form image does not compare 
satisfactorily with that of the finite element simulation as shown in Figure 6.9. The ultimate 
collapse of column 9 is in the order of 1.4 mm end compressional displacement u, and by 
using the finite element simulation the progress of the compression from the onset of loading 
through the nonlinear elastic and elasto-plastic post-buckling phases of behaviour to final 
collapse and unloading can be monitored. 
 
Figure 6.9: Column 9 load-end compression comparison between FE and test 
 
Comparison between FE with column 10 
Figure 6.10 shows the axial load, end-compression response from the finite element 
simulation for lipped channel column 10. The cross sectional details are as indicated in 
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Figure 6.10. The material considered is steel with actual stress-strain data and thus Young‟s 
modulus E = 200,500 N/mm
2, yield stress σY = 218 MPa and Poisson‟s ratio ν = 0.3. The 
material model consists of the linear elastic range through the onset of the limit of 
proportionality and the elasto-plastic phase of behaviour. The lowest local buckling mode has 
been used as the imperfect form and the maximum imperfection amplitude is in the order of 
wo = 0.5 mm. The local buckling load level is found to be at Pcr = 10.9 kN as indicated in 
Figure 6.10. 
 
Figure 6.10: Column 10 load-end compression response and comparison with test.  
In the elastic range, the end compression behaviour is seen to be nonlinear from the onset of 
the applied loading due to the local imperfections. In addition, the flexural displacements are 
found to be small due to the interaction between the local mode and the global/flexural mode 
of buckling which takes place from the beginning of the applied loading. At load point 1, it 
can be seen that there are 8 numbers of local buckles along the length and this results in a 
buckle node at the column mid-height with heavier local buckles towards the central region. 
From the deformation images of point 1 through 4 it is seen that the sizes of the local buckles 
along the length have been altered, whereby some of them elongate in longitudinal direction 
whereas several others seem to reduce in size. The slope of the equilibrium curve is seen to 
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diminish which is caused by material non-linearity as well as possibly due to the start and 
growth of distortional buckling through points 3-6. From load point 4 onwards the interaction 
is local-distortional-global/flexural and the response is elasto-plastic in nature. At load point 
5 the changes in magnitude of the local buckles are more visible due to, perhaps, the inwards 
and outwards movements of the flange-lips. At load point 6 the column loses its effectiveness 
for sustaining more load as the flange-lips junctions start to close/open inwards/outwards and 
as a result a plastic mechanism starts to form across the lipped channel section at the location 
where the flange-lip junctions are opening outwards and the column begins to unload through 
stages 6-8. During these stages, the deformation becomes more focused in the mechanism 
region and eventually a permanent failure mechanism is formed at load point 8. Comparison 
between the final failure mechanism from the simulation procedure and that of the test is seen 
to be very good relating to both its final deformed state across the section and its location 
along the column length. The failure load for column 10 from finite element simulation is 
found to be 29.96 kN and this compares well with the test value of 29.5 kN as indicated in 
Figure 6.10. 
Figure 6.11 shows the load-end compression plot corresponding to the actual stress-strain 
data with material yield stress level of ζY = 218 N/mm
2
. The numbers shown on the end 
compression curve of Figure 6.11 indicate the load locations at which the von Mises stresses 
in the middle surface are depicted in the figure and thus the propagation of plastic yielding 
with load can be visualized and the most probable mechanism of failure at plastic collapse 
can be ascertained. 
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Figure 6.11: Column 10 growth of von Mises stresses in the middle surface 
At load point locations 1-3, the von Mises stresses are everywhere elastic as indicated in 
Figure 6.11, where the stresses are noted to be everywhere less than the material yield stress 
level of ζY = 218 N/mm
2
. For the section considered the first yielding is found to occur 
between load levels 3 and 4. In the course of load levels 3-5 the column goes through the 
elasto-plastic phase of behaviour and more loss in stiffness is observed due to the interaction 
between the local and the distortional mode of buckling with the presence of small column 
deflections. It is clear from this that complete yielding through the wall thickness has almost 
been reached at the section junction at load level 5. At load level 6, it is obvious that full 
yield propagation has taken place in the vicinity of the section junction on all surfaces and in 
particular at the distortional buckle whose flange-lip junctions are opening outwards. As a 
result of the localized yielding in the mechanism region, a small increase in load causes the 
column to lose its capability to carry on and it begins to unload. Basically, load level 6 
represents the ultimate conditions of the section prior to the unloading phase of behaviour. At 
load levels 7 and 8, it is obvious that due to the plastic mechanism the column deforms into a 
permanent failure shape which is away from the column central section. 
Figure 6.12 shows the load-end compression response from the finite element simulation with 
the experimental test for column 10. It is clear that finite element analysis produces very good 
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agreement with the test. The ultimate collapse of column 8 is in the order of 1.2 mm end 
compressional displacement u. It can be seen that the simulation predicts well with regard to 
the ultimate load and the final failure mechanism as well as the column unloading response 
during the test. Even though the end compression data from the test was stopped at just below 
2 mm, the simulation is able to unload much further to a level corresponding to 10 mm of end 
compression. The progress of the compression from the onset of loading through the 
nonlinear elastic and elasto-plastic post-buckling phases of behaviour to final collapse and 
unloading can be monitored by using the finite element simulation. The simulation strategies 
and procedures based on Chapter 4 are proven to be able to predict accurately all aspects of 
the complex local-distortional-global/flexural interaction behaviours of the lipped channel 
test columns and thus further work can be carried out to investigate the behaviour of different 
types of interaction as will be discussed in the next section.  
 
                                    
Figure 6.12: Column 10 Load-End Compression Comparison between FE and Test 
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6.4. TYPICAL LOCAL-DISTORTIONAL-GLOBAL/FLEXURAL 
POST-BUCKLED RESPONSE 
Generally, based on the findings found in Chapter 4 with regards to members which are 
locally rotationally constrained at the plate ends for singly-symmetric sections, lipped 
channel compression members will have interactions which are local-distortional-
global/flexural in nature. For the columns analysed, local buckling occurs early in the process 
of events followed by instant overall flexural bending and consequently an interaction with a 
distortional mode of buckling. By using suitable constraints in finite element modelling 
procedures, it is possible to investigate the single local buckling mode of behaviour as well as 
different buckling modes of interaction involving local-global/flexural and local-distortional 
buckling modes, which in practice are difficult to realize. Figure 6.16 demonstrates load-end 
compression responses for column 4 showing different types of interaction in the elastic and 
the elasto-plastic range of behaviour. 
In order to investigate the behaviour of different types of interaction, restraints have to be 
imposed at the web/flange and flange/lip section junctions along the length. To simulate the 
condition which precludes the effects of column deflections and prevents the distortional 
buckles of lipped channel columns, all nodes lying on the junctions between the web and 
flange elements along the length are constrained from movement in the Z-direction. Also 
those nodes lying on the junctions along the length between the flange and lip elements are 
prevented from movement in the Y-direction as shown in Figure 6.13. Thus only local 
buckles along the column length are allowed to take place during the compression. 
 
Figure 6.13: Boundary conditions for the local buckling condition 
To investigate the condition where only the distortional buckles are precluded in the 
compression process, all nodes lying on the junctions between the flange and lip elements 
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along the length are prevented from movement in the Y-direction as shown in Figure 6.14, 
and thus the effects of column deflections on the behaviour of a locally buckled column can 
be observed throughout the compression process. 
 
Figure 6.14: Boundary conditions for the local-flexural buckling condition 
In the past, in the case of the local-distortional interaction condition, many researchers had no 
understanding of the fact that there is an immediate interaction between local buckling and 
overall flexural bending just after local buckling takes place. The deflections, though, are 
small for locally buckled lipped channels, but have an effect on the final collapse load as 
shown in Figure 6.16. In this case, all nodes lying on the junctions along the length between 
the web and flange elements are constrained from movement in the Z-direction as shown in 
Figure 6.15. 
 
Figure 6.15: Boundary conditions for the local-distortional buckling condition 
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Figure 6.16: Load-end compression response for column 4 showing different types of 
interaction 
The imperfection mode and the magnitude of column 4 - which gives a virtually identical 
ultimate collapse load and final failure mechanism with regard to both its shape across the 
section and its location along the column length as compared with the test - has been used in 
the simulation process. In the elastic range of behaviour, from Figure 6.16, it is of note that in 
the first phase of buckling mode interaction between local buckling and overall flexural 
bending, there is not much difference in the responses between all modes of interaction. In 
the second phase of interaction where the interaction between local-overall/flexural bending 
and the distortional mode of buckling takes place, it is clear that there is a significant 
reduction in compression stiffness when compared to the case of the local-distortional mode 
of interaction as a result of column deflection bending. When considering material 
nonlinearity, the lipped channel column having a local-distortional-overall/flexural 
interaction is noted to reduce the ultimate load of that with a local-distortional mode of 
interaction. The reduction is found to be of the order of 5% for the yield stress level of σY = 
190 N/mm
2
. 
In order to gain an in-depth understanding of the complex interactions involving local, 
global/flexural bending and distortional buckling, geometrical imperfections and material 
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yielding, further investigation of the development of the deformed states and the growth of 
von Mises stresses is highly essential. Figure 6.20 to Figure 6.26 discuss the equilibrium 
behaviour for singly symmetric lipped channel section columns with uniformly compressed 
boundary conditions in great detail. 
 
Figure 6.17: Load-end compression elastic response for column 4 with local buckles 
along the length 
Figure 6.17 shows the end compression characteristic in the elastic range of behaviour of the 
column precluding the influence of column deflections and the distortional mode of buckling. 
From the deformation images of points 1-3, it can be seen that the sizes of local buckles start 
to change along the length. It is found that the local buckles along the length of the flange 
elements increases in number, and as a result the sizes of the local buckles of the web 
elements with regards to the length in the longitudinal direction are noted to be altered. This 
results in further loss in compression stiffness through points 4-6 as the loading increases as 
shown in Figure 6.17. 
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Figure 6.18: Load-end compression elastic response for column 4 with local-
global/flexural interaction 
Figure 6.18 shows the end compression characteristic in the elastic range of behaviour of the 
column taking into account the influence of the column deflections of the locally buckled 
lipped channel column but precluding the effects of the distortional mode of buckling. From 
the deformation images of points 1-3, it can be seen that the sizes of the local buckles start to 
change along the length and there is a change in the number of local buckles of the flange 
element along the length as in the case of post-local buckling. The variation between the two 
cases is that the size and arrangement of the local buckles are not the same due to the 
influence of column flexural bending and this can be seen in Figure 6.17 and Figure 6.18. As 
loading progresses, further loss in compression stiffness compared to the case of post-local 
buckling is observed through points 4-6 as shown in Figure 6.18. 
Figure 6.19 shows the end compression characteristic in the elastic range of behaviour of the 
column, taking into account the influence of the distortional mode of buckling of the locally 
buckled lipped channel column but precluding the effects of column flexural bending. From 
the deformation images of points 1-3, it can be seen that the sizes of local buckles start to 
change along the length. It is noted that the interaction between the local and the distortional 
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model of buckling occurs from point 4-6 and this results in further loss in stiffness as shown 
in Figure 6.19. 
 
Figure 6.19: Load-end compression elastic response for column 4 with local-distortional 
interaction 
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Figure 6.20: Load-end compression elastic response for column 4 with local-
distortional-global/flexural interaction 
The load-end compression plot in Figure 6.20 is seen to be non-linear from the beginning of 
loading as a result of the local imperfections. In Chapter 4, it was found that for perfectly 
singly-symmetric columns which are locally rotationally constrained at the plate ends, the 
column deflection takes place from the onset of local buckling and thus for this case flexural 
displacements take place from the start of the applied loading through points 1-5. However, 
the flexural displacements are found to be small due to the counter-action force from the lips. 
From the deformation images it can be seen that the sizes of local buckles change along the 
length. Further loss in stiffness through points 5-8 is due to the initiation and development of 
distortional buckling as well as the changes in the size of the local buckles as shown in Figure 
6.20. From point 5 onwards the interaction is local-distortional-global/flexural and the loss in 
stiffness is more severe than the other cases of buckling mode interaction.  
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Figure 6.21: Load-end compression response for column 4 showing the elasto-plastic 
post-local buckling interaction 
The influence of material nonlinearity on the column having only local buckles along the 
length is shown in Figure 6.21. The compressional stiffness is noted to be significantly 
altered as a result of the local imperfections of the section walls. As loading progresses, 
surface yielding occurs as a result of the high through-the-thickness bending stresses caused 
by local buckles along the length. At this point the struts enter into an elasto-plastic phase of 
behaviour and further loss in compressional stiffness is experienced as a result of the effects 
of material nonlinearity. The growth of yielding in the elasto-plastic phase of behaviour leads 
eventually to the collapse of the sections at ultimate conditions and subsequently to a post-
collapse unloading phase of behaviour.  
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Figure 6.22: Deformation plots (a) and growth of von Mises stresses with load (b - outer 
surface 1, c - middle surface, d - outer surface 2) of Figure 6.21 
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At load point locations 1-4, the von Mises stresses are everywhere elastic as indicated in 
Figure 6.22, where the stresses are noted to be everywhere less than the material yield stress 
level of ζY = 190 N/mm
2
. At load level 4, the maximum stress is seen to be 174 N/mm
2
 on the 
outer surfaces. For the section considered it is found that first yielding takes place between 
load levels 4 and 5 as indicated in Figure 6.22. At load level 5 von Mises yielding at ζY = 190 
N/mm
2
 is seen to occur in the web and flange elements of the section on outer surface 1 and 2 
in the vicinity of the section junction along the length. It is clear from this that complete 
yielding through the wall thickness has almost been reached at load level 5 whereby the 
maximum stress on the middle surface is found to be 178 N/mm
2
. At load level 6, it is 
evident that yield propagation has taken place through the section wall thickness mostly in 
the flange element and along the section junctions. At load level 7, it is of note that full yield 
propagation has taken place along the member length in the vicinity of the section junction on 
all surfaces, and that the flange element along its length in particular is now fully yielded. At 
load level 8, it is clear that there is significant yield propagation at the centre column across 
the flange element. From the observations made with respect to yield propagation with load it 
is perhaps most relevant to point out that at the ultimate load condition pertaining to load 
levels 6 and 7, it is clear that failure is closely associated with complete through-the-thickness 
yielding of the entire flange section length.  
 
228 
 
 
Figure 6.23: Load-end compression response for column 4 showing local-
overall/flexural post-buckling interaction 
The influence of material nonlinearity on the locally buckled column, in which the influences 
of distortional mode of buckling are precluded, is shown in Figure 6.23. It can be seen that 
the column gradually loses its compressional stiffness as a result of the local imperfections of 
the section walls. As loading increases, surface yielding takes place due to the high through-
the-thickness bending stresses caused by local buckles and column deflection. The growth of 
yielding in the elasto-plastic phase of behaviour leads eventually to the collapse of the 
sections at ultimate conditions and subsequently to a post-collapse unloading phase of 
behaviour.  
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Figure 6.24: Deformation plots (a) and growth of von Mises stresses with load (b - outer 
surface 1, c - middle surface, d - outer surface 2) of Figure 6.23 
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At load point locations 1-4, the von Mises stresses are everywhere elastic as indicated in 
Figure 6.24. The non-linear behaviour is a result of the local column imperfections. At load 
level 4, the maximum stress is seen to be 174 N/mm
2
 on the outer surfaces. For the section 
considered, it is found that first yielding takes place between load levels 4 and 5 as indicated 
in Figure 6.22. At load level 5 von Mises yielding at ζY = 190 N/mm
2
 is seen to occur in the 
web and flange elements of the section on outer surface 1 and 2 in the vicinity of the section 
junction along the length. Complete yielding through the wall thickness has almost been 
reached at load level 5 whereby the maximum stress on the middle surface is found to be 185 
N/mm
2
. At load level 6, it is evident that yield propagation has taken place through the 
section wall thickness, mostly in the flange element and in the vicinity of the section 
junctions. At load level 7, it is of note that full yield propagation has taken place from the 
column mid-height towards the ends in the vicinity of the section junction on all surfaces and 
that the entire flange element along its length is nearly yielded. At load level 8, it is clear that 
there is significant yield propagation at the centre column across the flange element. It is 
clear that failure pertaining to load levels 6 and 7 is strongly associated with complete 
through-the-thickness yielding on almost the entire flange section length due to column 
flexural bending.  
 
Figure 6.25: Load-end compression response for column 4 showing local-distortional 
post-buckling interaction 
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The influence of material nonlinearity on the locally buckled column, in which the influence 
of column deflections is precluded, is shown in Figure 6.25. As a result of the local 
imperfections of the section walls, it is seen that the compressional stiffness of lipped channel 
section columns is noted to be significantly altered. As loading progresses, surface yielding 
occurs as a result of the high through-the-thickness bending stresses caused by the local 
buckles and the distortional buckles of the column. The column continues to experience loss 
in compressional stiffness due to material nonlinearity. The growth of yielding in the elasto-
plastic phase of behaviour leads eventually to the collapse of the sections at the ultimate 
conditions and subsequently to a post-collapse unloading phase of behaviour.  
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Figure 6.26: Deformation plots (a) and growth of von Mises stresses with load (b - outer 
surface 1, c - middle surface, d - outer surface 2) of Figure 6.25 
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At load point locations 1-4, the von Mises stresses are everywhere elastic as indicated in 
Figure 6.26. The non-linear behaviour is a result of local column imperfections. At load level 
4, the maximum stress is seen to be 176 N/mm
2
 on the outer surfaces. It is found that first 
yielding takes place between load levels 4 and 5, and at load level 5 von Mises yielding at ζY 
= 190 N/mm
2
 is seen to occur in the web and flange elements of the section on outer surface 
1 and 2 in the vicinity of the section junction along the length. At load level 6, it is evident 
that yield propagation has taken place through the section wall thickness in a few spots on the 
flange element and in the vicinity of the section junctions. From the end compression plot of 
Figure 6.25 it can be seen that this can be termed as the global ultimate load where after a 
small amount of drop the column retains the load to an end compressional displacement u of 
the order of 0.176 mm. At load level 7, it is of note that more complete yield propagation has 
taken place mostly at the centre of the column in the flange element on all surfaces and this 
can be termed as the local ultimate load. Load levels 6 and 7 essentially represent the ultimate 
conditions of the section prior to the unloading phase of its compressional behaviour. At load 
level 8, it is clear that there is concentrated yield propagation at the centre column across the 
flange element. It is clear that failure pertaining to load levels 6 and 7 is strongly associated 
with the combination of the development of the distortional mode of buckling and complete 
through-the-thickness yielding on a particular part of the flange element of the column.  
Figure 6.27, Figure 6.28 and Figure 6.29 show the load-end compression characteristic of 
column 8, 9 and 10, respectively, showing the variances of different types of interaction. 
From Figure 6.16, Figure 6.27, Figure 6.28 and Figure 6.29, it can be seen that all 
equilibrium responses to load show similar trends in which the final failure loads are being 
altered due to the interaction of different buckling modes in combination with von Mises 
yielding. In Figure 6.27, Figure 6.28 and Figure 6.29, when considering material nonlinearity, 
the lipped channel column having local-distortional-overall/flexural interaction is noted to 
reduce the ultimate load of that with local-distortional mode of interaction in the order of 
5.5%, 6.24% and 3.87%, respectively. It is of note that the ultimate load of singly-symmetric 
lipped channel columns is reduced as a result of the effects of column flexural bending, even 
though for the case of lipped channel columns the column deflections are small. As the 
column length increases, the ultimate load of the column due to the influence of column 
flexural bending is further reduced. 
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Figure 6.27: Load-end compression response for column 8 showing different types of 
interaction 
 
Figure 6.28: Load-end compression response for column 9 showing different types of 
interaction 
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Figure 6.29: Load-end compression response for column 10 showing different types of 
interaction 
 
6.5. CONCLUDING REMARKS 
In this chapter, it has been shown that finite element simulation based on the strategies and 
procedures of Chapter 4 has been able to allow the co-existence of local buckling, distortional 
buckling, global flexural buckling and material plasticity. The simulation has successfully 
reproduced comparable results to those of the test columns carried out by Adetoro [102] with 
regard to the ultimate loads, failure mechanisms and load-end compression.  
It is of note that the test results are available for 20 columns in Table 6-1 but the results from 
the finite element simulations are presented only for four tests. The tasks of obtaining 
comparably good end results to those of the test columns involve a huge amount of running 
solution time for every attempt and for each configuration of imperfections. Thus due to the 
huge amount of work and effort needed to complete the tasks in a limited time period, only 
four cases which produce similar outcomes in terms of the ultimate loads, failure mechanisms 
and load-end compression are presented. It has been shown that the failure process of the test 
columns has been significantly affected by the the different configuration of geometrical 
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imperfections through the mapping of the appropriate buckle mode shapes at specified 
amplitudes onto the finite element mesh. 
For the columns analysed, just after local buckling it was found in the test of Adetoro [102] 
that the column flexural deflections at the centre of the tested columns were small but that 
they are, in fact, present and have a relatively significant influence on the post-local-
distortional behaviour of the fixed-ended lipped channel columns. During the loading, local 
buckling was first initiated and was then followed by a considerable post-local buckling 
reserve before the onset of distortional buckling and subsequent local-distortional interaction. 
The interaction is, in fact, local-distortional-global/flexural in nature.  
In the past, for the particular case of fixed-ended singly-symmetric columns, fellow 
researchers [76, 79, 84, 85] have claimed that local buckling does not induce overall flexural 
bending, thus, the influence of column deflections in the local-distortional buckling 
interaction of compressed lipped channel sections in particular has been overlooked. This 
chapter has successfully served to highlight that the global/flexural existence just after local 
buckling has a significant role in reducing the compression stiffness of lipped channel 
columns, through appropriate constraints imposed at the web/flange section junctions and 
lip/flange section junctions and the study of different combinations of buckling interactions in 
the post-buckling range of lipped channel columns has been made possible. It is worth 
pointing out that the work in this chapter has resulted in publication of one refereed 
conference paper, Loughlan et al. [126] and one journal paper, Loughlan et al. [128].
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Chapter 7  
 
GENERAL DISCUSSIONS AND CONCLUSIONS 
 
7.1. DISCUSSIONS 
The primary objective of this work was to develop appropriate finite element modelling 
strategies and solution procedures for the determination of the buckling, post-buckling and 
failure characteristics of thin-walled compression members. The work was to include the 
influence of geometrical imperfections and material non-linearity and would examine the 
complex interactions between different buckling modes in the post-buckling range of 
behaviour.  
In the course of this work, some of the modelling strategies developed are new with particular 
reference to being able to deal with the classical assumption of the stress-free in-plane 
boundary conditions existing at the section junctions of short length strut members during 
post-local buckling. The thin-walled structures under consideration are modelled as 
individual plate elements and tied up together at the section junctions using multiple point 
constraint equations involving only a certain number of degree-of-freedom as detailed in 
Chapter 3. Also, some of the results discovered from the finite element analyses in this thesis 
have not been reported.  
At the beginning of the work, consideration has been given to the development of a finite 
element modelling technique which takes into account the conditions established at the 
section junctions of the elastic thin-walled short strut members. The stress-free boundary 
condition at the section junctions has been compared with the natural waviness boundary 
condition. The work has also been extended to take into consideration the influence of 
geometrical imperfections and material plasticity. All of the works of short struts have been 
compared with independent theoretical results and simulations wherever possible. An 
extensive study of the application and influence of the stress-free boundary condition is 
beyond the scope of the present work.  
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The work has been taken further to study the response of longer length structural members 
with due consideration being given to the local end boundary conditions, locally rotationally 
free or locally rotationally constrained, the conditions established at the central column cross-
section, local buckle node or local buckle crest, and coupled mode interactions. A range of 
column lengths, short columns and long columns, with globally fixed-ends and globally 
pinned-ends have been investigated. All of the works have been compared with independent 
theoretical results, experimental tests and numerical simulations wherever possible. 
The modelling techniques and solution procedures developed have also been applied to the 
test columns carried out by Adetoro [102] in order to investigate the behaviour and possible 
failure mechanisms encountered during the tests. Detailed cross-section geometries and 
material properties were used in the numerical finite element analysis, however the data 
pertaining to the section imperfections were crude and thus different magnitudes and various 
combinations of imperfection modes have been attempted in order to simulate the behaviour 
of the tested columns. Eventually the simulation has successfully reproduced comparable 
results to those of the test columns with regard to the ultimate loads, failure mechanisms and 
load-end compression. Having derived this confidence, using the same configurations of the 
simulations together with additional appropriate restraints at the web/flange section junctions 
and lip/flange section junctions, the examination of different combinations of buckling 
interactions in the elastic and elasto-plastic range of behaviour has been made possible. The 
development of von Mises stresses in the outer surfaces and the middle surface and the 
propagation of plastic yielding have been monitored at the specified load locations on the 
load-end compression plots and thus the most probable mechanism of failure at plastic 
collapse has been determined. 
 
7.2. CONCLUSIONS 
The following points of interest arose from the process of achieving the objectives of the 
research work, and should be highlighted. 
 A process of confirming that the developed FEM analysis is consistently generating 
similar results with those obtained from the independent simulations of other 
researchers using the finite strip method of analysis, analytical solution procedures 
and with the findings from independent experimental test work has been successfully 
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performed and this has provided confidence in the validity of the modelling strategies 
and solution procedures developed in this thesis. 
 A new finite element modelling technique for uniformly compressed short struts has 
been developed with regard to the in-plane stress free boundary condition which has 
been termed as classical approach by previous researchers. This classical approach 
has been used to simplify the analytical or numerical procedures in the analysis of 
thin-walled sections wherein the in-plane and out-of-plane deflections at the section 
junctions have been assumed to be uncoupled and this clearly violates the equilibrium 
and compatibility considerations at the section junctions. Comparison between the in-
plane stress-free boundary condition and natural waviness boundary condition has 
shown that the extent of this classical assumption is from the onset of loading to local 
buckling and then post-local buckling up to about twice the buckling load. 
 In the case of struts and short columns, the existence of geometrical imperfections in 
plate structures whose local buckling stress is close to the material yield stress can 
result in lower ultimate load levels than the elastic local buckling load of the 
members. 
 In the case of longer plate structures, generally, the presence of out-of-plane buckles 
along column length has been shown to result in reduced global elastic Euler buckling 
loads. For axially compressed long columns which lie in close proximity to the 
simultaneous local and Euler buckling design and also at which the local buckling 
stress is close to material yield stress, the reduction in ultimate load levels has been 
shown to be more severe than those of the short columns. An in-depth understanding 
of the mechanics of the complex interactions in the post-buckling range of behaviour 
is highly essential in the case of simultaneous mode designs. 
 The variation in local boundary conditions at the constituent plate ends has been 
shown to result in different post-local buckling behaviour and care should be seriously 
taken on using symmetric modelling techniques as they could produce different 
results to what the real conditions should have been with particular reference to the 
case of fixed-ended singly-symmetric plain channel columns. It has been shown that 
mode jumping is present for the cases of locally rotationally constrained plain channel 
columns but not locally rotationally free columns. Due to this mode jumping 
phenomena, the failure modes of columns being compressed at one end and fixed at 
the other end (represented by the finite element half- and full-models) have been 
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shown to be different from those columns being compressed at both ends (represented 
by the finite element quarter-model). Nevertheless, the modelling using symmetric 
boundary conditions has proven to be more computationally efficient. 
 In the case of fixed-ended plain channel columns whose initial buckling is in the local 
mode, it has been shown, contrary to some reports in the literature, that overall 
column deflections, with particular reference to locally rotationally constrained 
columns, are initiated from the onset of local buckling. This is due to the fact that 
there is a varying degree of neutral axis shift at different sections along the 
compression member as a result of amplitude modulation of the local buckles along 
the column length. When the column is compressed, the constant line of action of the 
applied axial load cannot follow the varying degree of neutral axis movement at 
different locations along the member length due to local buckling. This will cause 
combined bending and compression after the occurrence of local buckling. It can be 
concluded that the failure of fixed-ended plain channel columns is to be associated 
with overall bending from the onset of local buckling, for the case of locally 
rotationally constrained plate ends, and should not be considered as one of overall 
bifurcation of the locally buckled member. 
 It is, as far as the author‟s knowledge is concerned, considered that a new finite 
element modelling technique has been developed in this thesis for the case of pin-
ended columns. The modelling strategy of the pin-ended conditions is more complex. 
In pin-ended conditions both column end cross-sections must be able to rotate about 
the Y-axis, thus, all nodes at the plate ends are formulated using MPC Explicit and 
RBE2 to move in accordance to the displaced state of the independent node which is 
located at the centroid of the channel cross-section.   
 For the case of singly-symmetric pin-ended plain channel columns whose initial 
buckling is in the local mode, it has been shown that overall column deflections are 
initiated from the onset of local buckling for both local end boundary conditions, 
locally rotationally free and locally rotationally constrained. 
 With regard to the section locally buckled shape condition, local buckled crest or local 
buckled node at the central column cross-section, it has been shown that the quarter-
model can be used in the analysis if the local buckled crest exists but not for the local 
buckled node.  
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 The ability of the developed FEM to provide a valuable insight into the post-buckling 
behaviour and failure mechanics of thin plated structures has been demonstrated in 
this thesis with particular reference to the case of uniformly compressed lipped 
channel columns. For the columns analysed, it has been shown that local buckling 
was first initiated and was then followed by a considerable post-local buckling reserve 
before the onset of distortional buckling and subsequent local-distortional interaction. 
Undeniably, it was found in the experimental tests of Adetoro [102] that the column 
flexural deflections at the centre of columns after local buckling were small but that 
they are, in fact, present and have a relatively significant influence on the post-local-
distortional behaviour of the fixed-ended lipped channel columns. The interaction is, 
in fact, local-distortional-global/flexural in nature. It has been shown also that 
geometrical imperfections, through the mapping of the appropriate buckle mode 
shapes at specified amplitudes onto the finite element mesh, have a significant 
influence on the failure process of the test columns. The study of different 
combinations of buckling interactions in the post-buckling range has been made 
possible through appropriate constraints imposed at the web/flange section junctions 
and lip/flange section junctions. The relative influences of the different coupled mode 
interactions have not been reported by any previous researchers and this work serves 
to highlight the significance of the contributions, to the compressive behaviour of the 
columns, of the different coupled buckling modes. 
 In all the cases considered in this thesis, the finite element analyses have clearly 
defined the complete loading history of the members from the beginning of the 
applied compression to final collapse and unloading. The finite element method is 
able to visualize the growth and the redistribution of stresses after local buckling, as 
well as the initiation of yielding and yield propagation throughout loading. The 
development of the von Mises stresses in each layer through the thickness can be 
monitored and the most probable mechanism of failure at plastic collapse can be 
ascertained. 
 
7.3. FUTURE WORK 
That the finite element modelling strategies and solution procedures for the determination of 
the buckling, post-buckling and failure characteristics of thin-walled compression members is 
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an achievable task has been successfully demonstrated, the following suggestions are 
proposed for further development. 
 The finite element modelling strategies can be extended for short struts with 
conditions at the loaded end sections to be varying linearly. This will make the finite 
element model more suitable for analysing the post-local buckling problem of 
eccentrically loaded struts or centroidally loaded struts. 
 The application of the modelling strategies can be extended to a wider variety of 
cross-sectional shapes and dimensions. 
 Modification of the present finite element modelling strategies can be made to take 
into account, structures whose material is made of orthotropic and composite 
laminated material. 
 The sensitivity of the geometrical imperfections with a variety of mode imperfections, 
local and global, can be thoroughly examined through the mapping of the appropriate 
buckle mode shapes at specified amplitudes onto the finite element mesh and the 
influence of load eccentricity on the pin-ended columns can be examined. 
 The validated finite element modelling techniques can be used to evaluate and 
improve the current design codes taking into account various factors, i.e. 
imperfections, material plasticity, slenderness ratios, residual stresses, etc. 
 A series of experimental programs could be set up to study the effects of different 
loading conditions, i.e. one end loaded with the other end fixed and both ends loaded 
with the same amount of increment. 
 A well organised research could be carried out to investigate the influence of different 
imperfection magnitudes and different combinations of imperfection mode shapes on 
the behaviour of lipped channel members taking due account the effect of material 
nonlinearity. 
 The work can be extended to study the behaviour of stiffened plate structures taking 
into account the geometrical imperfections, material nonlinearity and coupled mode 
interactions. For this case, it might be useful to employ solid element together with 
shell element to facilitate the analysis for thin plate with thick stiffeners.
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